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Abstract 

We give the complete twisted Yukawa couplings for all the Z n orbifold constructions in 
the most general case, i.e. when orbifold deformations are considered. This includes a 
certain number of tasks. Namely, determination of the allowed couplings, calculation of 
the explicit dependence of the Yukawa couplings values on the moduli expectation values 
(i.e. the parameters determining the size and shape of the compactified space), etc. The 
final expressions are completely explicit, which allows a counting of the different Yukawa 
couplings for each orbifold (with and without deformations) . This knowledge is crucial to 
determine the phenomenological viability of the different schemes, since it is directly 
related to the fermion mass hierarchy. Other facts concerning the phenomenological 
profile of Z n orbifolds are also discussed, e.g. the existence of non-diagonal entries in 
the fermion mass matrices, which is related to a non-trivial structure of the Kobayashi- 
Maskawa matrix. Finally some theoretical results are given, e.g. the no-participation of 
(1,2) moduli in twisted Yukawa couplings. Likewise, (1,1) moduli associated with fixed 
tori which are involved in the Yukawa coupling, do not affect the value of the coupling. 
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1 Introduction and brief review 



In the last few years an enormous effort has been made in order to establish the connec- 
tion between string theories [0 (especially Eg x E& heterotic string ||) and low energy 
physics. Different schemes for constructing classical string vacua have arisen during this 
time. Using these schemes it has been possible to build up four-dimensional strings that 
resemble the Standard Model in many aspects, e.g. SU(3) x SU(2) x U(l)y gauge group 
and three generations of particles with the correct representations [3-6] . In spite of these 
achievements there remain many pending questions. In particular there is a large number 
of classical vacuum states, which reduces the predictive power of the theory. At present 
there are no dynamical criteria to prefer a particular vacuum, so the best we can do is to 
study their phenomenological characteristics in order to select the viable vacua. In this 
respect, orbifold compactifications Q] have proved to be very interesting four-dimensional 
string constructions since they can pass succesfully a certain number of low energy tests 
||. However, not all the experimental constraints have been used in order to probe the 
phenomenological potential of orbifolds. The best example of this is the observed structure 
of fermion masses and mixing angles ||. 

Concerning the last point, a crucial ingredient in order to relate theory and obser- 
vation is the complete knowledge of the theoretical Yukawa couplings. This knowledge 
includes a certain number of aspects: 

i) Physical states that enter the couplings. 

ii) Allowed couplings. 

iii) Numerical values of the Yukawa couplings and dependence of these values on the 
physical parameters that define the string vacuum (e.g. the size of the compactified 
space). 

iv) Number of different Yukawa couplings and phenomenological viability of the scheme 
(i.e. fitting of the observed pattern of fermion masses and mixing angles by the 
theoretical Yukawa couplings). 

In this sense only for prime Abelian orbifolds, i.e. Z 3 and Z 7 are the Yukawa cou- 
plings completely known ||T0| , |^, |TT[. For the other orbifolds points i) and ii) have recently 



been studied in ref. 12]. General expressions of Z n Yukawa couplings have been deter- 



mined in ref. 1 13]. However, although very useful, they are not explicit enough to lucidate 
points iii) and iv), specially when deformations of the compactified space are considered. 
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Undoubtedly, a better knowledge of the Yukawa couplings is of utmost importance to 
select or discard explicit string constructions with a highly non-trivial test. This is the 
main purpose of this paper, i.e. to answer points i), ii), hi), iv) for all the Z n orbifolds. 
Besides the phenomenological motivation, there are strong theoretical reasons to com- 
pletely determine the Yukawa couplings. In particular it is the only way to know the 
moduli dependence of the matter Lagrangian and, in consequence, the superpotential. 
This allows the examination of the properties of the action under target-space modular 



transformations (e.g. R — > 1/R ) |f[4 |. It is also necessary in order to discuss supersym- 
metry breaking dynamics [15| and cosmological implications (note that moduli play the 
role of Brans-Dicke fields in four dimensions) of these theories. 

Let us review briefly Z n orbifold constructions. A Z n orbifold is constructed by 
dividing i? 6 by a six-dimensional lattice A modded by some Z n symmetry, called the point 
group P. The space group S is defined as S = A x P, i.e. S = {(7,^); 7 e P, u G A}. 
The requirement of having N — 1 supersymmetry in four dimensions and the absence 
of tachyons restrict the number of possible point groups 0. The complete list is given 
in the first two columns of Table 1, where the so-called twist 9 {i.e. the generator of 
P) is represented in an orthogonal complex basis of the six-dimensional space. A must 
be chosen so that 9 acts crystallographically on it. If the realization of 9 on the lattice 
coincides with the Coxeter element of a rank-six Lie algebra root lattice, the orbifold 
is of the Coxeter type. A list of Coxeter orbifolds, taken from ref. [16], is given in the 
third column of Table 1. Some additional examples of Coxeter orbifolds can be found 



in ref. [P2]|. The lattice of the Z%-II orbifold, SO (5) x 5*0(8), corresponds in fact to a 
generalized Coxeter orbifold where the Coxeter element has been multiplied by an outer 
automorphism. Non-Coxeter orbifolds can also be constructed. An example of a non- 
Coxeter orbifold (the Z4 one with [S'0(4)] 3 lattice) is studied in Section 3. The total 
number of possible lattices associated with each Z n orbifold can be found in ref. Jl7|| . As 
will become clear in the text, some properties of the Yukawa couplings for a particular 
Z n orbifold depend on the lattice chosen, while others do not. 

It is important to point out that in a string orbifold construction the lattice A 



can get deformations compatible with the point group || jlTf . These degrees of freedom 
correspond to the untwisted moduli surviving compactification. Deformations play an 
important role on the value of the Yukawa couplings. 

We are interested in the couplings between twisted fields (the untwisted sector has 
already been studied [[UJ and is physically less interesting As we will see, these 

couplings present a very rich range, which is extremely attractive as the geometrical 
origin of the observed variety of fermion masses |IU| , |TE| , A twisted string satisfies 
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x{a = 2n) = gxio = 0) as the boundary condition, where g is an element of the space 
group whose point group component is non-trivial. Owing to the boundary condition 
a twisted string is attached to a fixed point of g. Physical twisted fields are associated 
with conjugation classes of the space group rather than with particular elements 0. For 
example {hgh^ 1 , h G S} is the conjugation class of g. For prime orbifolds conjugation 
classes are in one-to-one correspondence with the fixed points of P. For non-prime 
orbifolds the situation is a bit more involved since two different fixed points under 9 n may 
be connected by 9 m , m < n. Then both of them correspond to the same conjugation 
class. 

The paper is organized as follows. In Section 2 we expound the various steps neces- 
sary to obtain the final spectrum of Yukawa couplings for each orbifold, taking the Zq—1 
as a guide example. These steps include: determination of the geometrical structure of 
the orbifold and deformation parameters, physical states, calculation of explicit Yukawa 
couplings, and counting of different couplings. Section 3 is devoted to a comparative study 
of the [5'0(4)] 3 and [S'?7(4)] 2 Z 4 orbifolds. This shows which properties of the couplings 
depend on the lattice chosen and which do not. Furthermore, the [5'0(4)] 3 case provides 
an example of a non-Coxeter orbifold. Besides this, the orbifold allows one to see the 
physical meaning of a (1,2) modulus (absent in the Z 6 -l case) and its effect in the Yukawa 
coupling values. The complete results for the rest of Z n orbifolds are given in Appendix 
1 and summarized in Table 1. 



2 The method 

Several steps are necessary in order to obtain the final spectrum of Yukawa couplings for 
each orbifold. We explain these steps in the present section, taking the Zq—I orbifold as 
an illustrative example. The reason for this choice is that prime orbifolds (Z 3 and Z-j) 
have already been studied in depth in references [Tt], [| . A complete exposition of the 



method followed here can be found in ref. fill. It is, however, convenient to discuss the 



present example in some detail, since non-prime orbifolds exhibit certain features which 
are absent in the prime ones. 

2.1 Geometrical structure 

The twist 9 of the Z§-\ orbifold has the form (see Table 1) 

27T 

9 = diag(e ia , e ia , e~ 2ia ), a = — (1) 

6 
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in the complex orthogonal basis {(ei, £2), (S3, e 4 ), (§5, ee) }. Very often it is more suitable 
to work in the lattice basis {ei, e^}, which in this case is simply a set of simple roots 
of G\ x SU(3). Then 9 acts as the Coxeter element 

Oei = —ex - e 2 , 9e 2 = 3ei + 2e 2 , 

6*e3 = -e 3 - e 4 , #e 4 = 3e 3 + 2e 4 , (2) 
#e 5 = e 6 , #e 6 = -e 5 - e 6 . 

Note that we have labelled as es,e6 the simple roots of SU(3). As mentioned above A 
can get deformations compatible with the point group. These degrees of freedom corre- 
spond to the Hermitian part of the five untwisted (1,1) moduli surviving compactification 
An, N 22} A33, JV l5 , A 2l , where N fj = \i > R ®ajl\0 > L ; |0 > L (|0 > R ) being the left 
(right) vacuum, ai is an oscillator operator and % (j) is a holomorphic (antiholomorphic) 
index. Note that under a deformation the actuation of 9 on the lattice basis, eq. @, 
remains the same. Then P invariance imposes the following relations: 

|e 2 | = \/3|ei|, |e 4 | = y/3 |e 3 |, |e 5 | = |e 6 |, 

"12 = -V3/2, a 34 = -V3/2, a 56 = -1/2, (3) 

"24 = "13, "23 = -"V/Saia - «14, «ij = 2 = 1,2,3,4 j = 5,6 

where a%j = cos 0jj and e^ej = |ej||ej| cos 9ij. Therefore we can take the 5 deformation 
degrees of freedom 

"13, "14 

i?i are global scales of the three sublattices (G 2 , G 2 , SU(3)), and for a i3 = a i4 = we 
recover the rigid G 2 x G 2 x SU(3) lattice. The connection between the lattice basis 
(ei, e$) and the orthogonal basis (ei, 6q) in which 9 takes the form (P is given by 

ei = Ai [cos(y?i)ei + sin(</4)e 2 ] + B { [cos(y? 2 )e 3 + sin(<^ 2 )e 4 ] 
e i+ i = -V3[Ai (sin(- - ^l)ei + cos(| - ip\)e 2 ) + B { (sin(~ - tp\)e 3 + cos(^ - (p\)h)] 

ej = R 5 [cos((j - 5) — + 0)e 5 + sin((j - 5)— + 0)e 6 ] ; i = 1, 3 j = 5, 6 (5) 
where <£>f, y? 2 , <£>|, are arbitrary angles that are irrelevant for our results and 

A 1 = Rij s [A 1 ± A 3 ] 1/2 B x = [A 2 T A 3 ] ^ 
A 3 = fc 2 i2aV2[Ai ± A 3 ]- x /2 s 3 = fc^^Aa =F A3]- 1 / 2 
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with 

h = 2i? 1J R 3 (-l) i [a 13 sin(f + ip\ - <tf) + a 14 co S (^ - ^)][sin(^ -<pl~<p{ + y??)]' 1 i = 1,2 
Ai = 1 + k\ - k\ A 2 = l-k 2 + k 2 A 3 = [(1 — k\ — kf) 2 - Akfk 2 ] 1 / 2 . 

Let us consider now the fixed points under the action of the point group. f n is a 
fixed point under 9 n if it satisfies f n = 9 n f n + u, u G A. As Z G -l is a non-prime orbifold, 
a point fixed by 9 n (n ^ 1) may be not fixed by 9 m (m ^ n). Consequently, the fixed 
points under 9, 6 2 and 9 3 must be considered separately (9 A , 9 5 are simply the antitwists 
of 8 2 and 9). It is easy to check from (0) that there are three different fixed points under 
9. Working in the lattice basis their coordinates (up to lattice translations) are 



/f" 


(0) 

= 9i 


®9? ] 


®# 


/P 


(0) 

= 9i 


®9? ] 




f? 


(0) 

= 9i 


®9l 0) 


®9? 



with 



S} 0, = (0,0), ^ 0) = (0,0), = (§,§), # = (|,|). (7) 

Similarly under 9 2 there are 27 fixed points. 12 of them are connected to the others by a 
9 rotation 

/ 2 (3) = # 

with 

<?f = (0,0), ^ = (0,|), ^ 2) = (o,f), 

M 0) = (o,o), # = (!,§), # = (1,|). (J) 

Consequently, there are 15 conjugation classes under 9 2 . Finally, under 9 3 , there are 16 
fixed tori that are the direct product of 16 fixed points in the sublattice (ei, ...,64) by 
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the 2-torus defined by the sublattice (es, eg). (Notice that 9 3 is trivial in the SU(3) root 
lattice.) 15 of these fixed points are connected between themselves by 9 rotations 



with 



fP = 93 ] 


fr\\ 












/3 (2) = «?> 








r\j 






/f = # 




rNj 










ft ] = 9? 


®^ 


rsj 










/s (5) = 9? ] 




rvj 






#5 




/f = 9? } 










#s 




= (0,0), 


tf> = 


(o,| 


), # = ( 


5.°). 




= (i 



(10) 



The direct product under the (e 5 , e 6 ) torus has been understood. Consequently, there 
are 6 conjugation classes under 8 3 . A similar analysis for other orbifolds can be found in 
Appendix 1. 



2.2 Physical states 

The next step is to determine which are the physical states. These must be invariant under 
a total Zq transformation which, besides the twist 9 in the 6-dimensional space, includes a 
Zq gauge transformation, usually represented by a shift V 1 (the so-called embedding) on 
Ae s xe 8 an d a shift v l on h*so{w)- Accordingly one has to construct for each 9 k sector linear 
combinations of states, associated with 9 k fixed points, that are eigenstates of 9 [fT^, 
If fk is a fixed point of 9 k such that I is the smallest number giving 9 l f k = f k + u, u 6 A, 
then the eigenstates of 9 have the form 

\f k > + e-*\9f k > +... + e -*O-i>y|0*-i/ fc > 
7=2?, P= 1,2,...,/ 



(12) 



with eigenvalue e * 7 (obviously, if k — 1, then / = 1 and eq. ([H^) is trivial). Under a Z ( 
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transformation the complete state gets a phase []19 , [12 



A(*,e*0 = exp|2vrz[-iA;(^(^) 2 -E(^) 2 ) + 

+ ^(P' + fcF 7 )V J - 5^(p* + } exp{i 7 }, (13) 

where is the NSR part momentum put on the SO (8) weight lattice and P 1 is the 
transverse 8-dim. momentum (Eg x Eg root momentum) fulfilling the right-mover and 
left-mover massless conditions respectively. Then A(k, e n ) = 1 for physical states. 
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Let us apply this to the Eg x E$ heterotic string compactified on the Z$-I orbifold 
with V 1 = |(1, 1, —2, 0, 0)(0, 0), i.e. the standard embedding. The unbroken gauge 
group is (E e x SU(2) x U(l)) x E s . In the 9 sector there are three physical states 
transforming as (27) 's of E$ corresponding to \fi >, \f[ 2 ^ >, |/i 3 ^ > respectively (see eq. 
(H)). In the 9 2 sector we can construct 27 eigenstates of 6 (see eq. (||)) 

l/ 2 (1) >, l/ 2 (2) >, l/f>, {\fP>+e* 1 \0f?>} j ^ i 15 , l = rr,2n. (14) 

After some algebra, only the symmetric combinations survive (i.e. A(k, e* 7 ) = 1 for 
them), giving rise to 15 (27) 's under Eq. Similarly in the 9 3 sector we can construct 16 
eigenstates of 6 (see eq. flltf) ) 

l/s (1) >, {i/3 0) > +e-*>\efP > +e-^|0 2 # >}. 2 ( , , 7 = f , % 2n. (15) 

In this case there survive 6 (27) 's, corresponding to the symmetric combinations, and 5 
(27) 's, corresponding to the 7 = 27r/3 combinations. We have performed a similar analysis 
for each orbifold. 



2.3 Allowed Yukawa couplings 



Let us now analyse the allowed Yukawa couplings between physical states. A twisted 
string associated with a fixed point / and a rotation & is closed due to the action of 
g = (Qi , (I — 03) f), so the corresponding conjugation class is given by {(0 k , u)(8\ (I — 
&)f){@~ k , —0~ h u)}, with k G Z, u G A. After some algebra, the general expression of the 
conjugation class of g is 

'(/ + A)U(0/ + A)U....U(0 J '- 1 / + A)" 



( P, (I 



-9 js 



(16) 



The set of translations (1 — Qi) {{j{9 k f + A), k — 0, — 1} is called the coset associated 
with 9i and / (note that the cosets associated with / and 9 k f are obviously the same). For 
a trilinear coupling of twisted fields TiT 2 T 3 to be allowed, the product of the respective 
conjugation classes should contain the identity. This implies, in particular, that the 
product of the three point group elements 0- 71 9^ 2 9^ should be 1 (this is the so-called 
point group selection rule). For the Z 6 -l orbifold this implies that only 99 2 9 3 , 9 2 9 2 9 2 and 
999 A couplings have to be considered. A straightforward application of the H-momentum 
conservation [10, 21 shows that the 999 A couplings are also forbidden. Furthermore 
for the 99 2 9 3 couplings we must require 



(/, 0) G (8, (I - 9)(f 1 + A)) ( 9 2 , (I - 9 2 ) [(/ 2 + A) U (9f 2 + A)]) 



(9 3 , (I 



(f 3 + A)U(9f 3 + A)U(9 2 f 3 + A) 



(17) 
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which leads to the so-called space group selection rule for the coupling 99 2 9 3 in the Zq-1 
orbifold 

h + (i + e)h - (i + e + e 2 )f 3 e a. (is) 

It should be noticed that if the space group selection rule (|P8|) is satisfied for three fixed 
points /i,/2,/3, then it is also satisfied for 9 kl fi, 9 k2 f2, k ' 3 f 3 , and, consequently, for all 
the physical combinations £ fel e" ifcl71 \6 kl f\ >, Ek 2 e~ ik2l2 \d k2 f 2 >, Ek s e~ ik3T3 \O k3 f 3 >, 
see eq. (|i2|). For the case at hand, i.e. the Zq-1 orbifold, one can consider 270 kinds of 



fl 


= gi°h 


^! 0) « 




h 


= 


3 gt ] 




h 




$ gt ] 


S) [a(e 5 ) +/3(e 6 )] 



couplings fi f^fa of the ^^ 2 ^ 3 type, from which only 90 are allowed: those for which 
the es, e6 components (i.e. the SU(3) sublattice projection) of /i — /2 are vanishing. So, 
if we write the fixed points 

ki,k 2 ,i 2 ,j2 = 0,1,2, 
i 3 ,j 3 = 0,1,2,3, (19) 
a,/3 e R. 

the selection rule is 

fci = fc 2 - (20) 

At this point it is important to stress the following fact: for two given fi, f 2 , the third 
fixed point f 3 (corresponding to 6 3 ) is not determined uniquely R. We say that the space 
group selection rule is not diagonal. From the physical point of view this is extremely 
important, since it allows for non-diagonal fermion mass matrices and, hence, a non- 
trivial Kobayashi-Maskawa matrix. This feature is absent for prime orbifolds. On the 
other hand the space selection rule for the 8 2 8 2 6 2 couplings simply reads 

h + h + h e a (21) 

which is diagonal. Note, however, that in this case the selection rule can be satisfied by 
some representatives of the conjugation classes and not by others. In this case there are 
3375 couplings to consider, from which only 369 are allowed. These are 

ii + 12 + iz = 
31 +32 +33 = } mod. 3. (22) 



h + k 2 + k, 



3 



denoting 



fi = # ) ®# ) ®#° ] M 2 ,i 3 = 0,1, 2 

h = ® ® h, 32, h = 0,1,2 (23) 

h = ^ 3) ®^ 3) ®# 3) J fci,fc a ,A;3 = 0,l,2. 



1 This also happens for given f\, but not for fa, fa 
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Let us finally note that the product of the 9 eigenvalues of the physical combinations of 
fixed points involved in the coupling should be one, otherwise the coupling is vanishing. 
For example, in the Zq-1 orbifold the following 66 2 8 3 coupling 

IA 0l) > (|#° > >) (l/ 3 ° 3) > +e-^\9ft ] > +e~^\e 2 f^ ] >) (24) 

is forbidden on these grounds, since, due to 6 invariance, it is equal to 

> (|/ 2 ° 2) > +\0f^ >) |# } > (1 + e-¥ + e-^ ) = 0. (25) 

This result can also be obtained for the standard embedding case from gauge invariance 
since the state considered in the 9 3 sector corresponds to a (27), while the others are 
(27) 's. In consequence all the couplings to be considered in the Zq-1 involve symmetric 
combinations of fixed points (i.e. 9 eigenvalue = 1) exclusively. We have performed the 
previous analysis for all the Z n orbifolds. In all cases only couplings between symmetric 
combinations of fixed points survive. We do not really know what is the fundamental 
principle behind this rule (if any), but it has important consequences. For instance, in 
ref. |19| it was suggested that the phases of the non-zero 6 eigenvalue states (see eq. (|T2"D) 
could be the geometrical origin of the phases of the Kobayashi-Maskawa matrix. Clearly, 
the present rule excludes this possibility. 



2.4 Calculation of Yukawa couplings 

We are interested in couplings of the type ipifxp (i.e. fermion-fermion-boson) . A trilinear 
string scattering amplitude is given by the correlator < Vi(zi)V2 (£2)^3(2:3) > of the vertex 
operators creating the corresponding states. Complete expressions for the vertex operators 
of the fields under consideration can be found in refs. [IT], |2(J . As has been pointed out |T3 



the non-vanishing Yukawa couplings are essentially given by the bosonic twist correlator 

< o"i(<2i)cr 2 ( 2:2)03 (-23) >, where <7j represents a twist field creating the appropriate twisted 
ground state. According to subsection 2.2 o fields for physical states are, in general, 
linear combinations of o fields associated with specific rotations and fixed points, say 
<j0jj. For example, for a physical state in the 8^ sector whose twist part is given by 
J2k=o 1-1 e~ lkl \9 k f > (the meaning of 7 and / is given in eq. (|12j)) the corresponding twist 
field is simply J2k=o,...,i-i e ~ tklcr ej ,e k f- According to the result of the previous subsection 
only symmetric combinations (7 = 27r) are relevant for trilinear couplings, so the correlator 

< (Ji(zi)a2{z2)<J3{z3) > associated with a O^O^O^ 3 will take the form 

< 0-1(21) 02(2:2) 03(2:3) >= 

x -1 ii-i h-i h-i 

hkh) E E E 

< a 6 hfi k ifm{ z v a enfi k 2fV){ z 2) °>3,0 fe 3/ (3) ( Z3 ) > ' (^6) 

' fci=0 k 2 =0 k- A =0 
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where the square root is a normalization factor. The correlation functions on the right- 
hand side are evaluated following standard lines [H|. They are defined by 



< 0"0Jl,0 fc l/(l) (^l)c r 6»J2,6» fc 2/(2) (^2)c"^3,e fc 3/(3) (^3) > — 

J DX e~ s o r ent9 k 1 f(i)(z 1 )a d j 2td k 2:f (2)(z2)(T e 33 ) e k 3f^)(z3). (27) 

Owing to the Gaussian character of the action S 

S=^J d 2 z{dX dX + dXdX) , (28) 

where X = X\ + iX 2 and a sum over the three complex coordinates is understood, the 
scattering amplitude can be separated into a classical and a quantum part flu 



Z = Z qu £ exp(-S cl ). (29) 

<X c; > 

The quantum contribution represents a global factor for all the couplings with the same 
QhQhQh pattern in a given orbifold; so the physical information mostly resides in the 
classical contribution. Eventually, a total normalization factor, which depends on the size 
of the compactified space, has to be determined with the help of the four-point correlation 
function. The final task lies in writing the couplings in terms of the physically significant 
parameters, i.e. those that parametrize the size and shape of the orbifold. 

Let us consider, for the sake of definiteness, a 88 2 8 3 coupling in our guide example, 
the Z 6 -l orbifold. The classical contribution, see eq. (p9|) , to a < 0q0q20q-z > correlator 
has been determined in references [fTl [T3] , so we escape here the details of the calculation. 
The result is that the contribution of the classical (instantonic) solutions to the classical 
action, eq. (p8|), for a three-point correlation on the sphere, is 

ni 

°cl ~ 

v e (/ 2 -/3 + A)_l (30) 

where i — 1, 2, 3 denotes the corresponding complex coordinate (and thus the projection 
over the associated z-plane), the fields X % are twisted by exp(27rfcj/iV) (ki = l,k 2 = 
1, k 3 = 2 and iV = 6 for the Z 6 -I orbifold) and (f 2 — /3+A)j_ selects only (f 2 — /3+A) shifts 
that are orthogonal to the invariant plane (this means that we can choose (f 2 — /s)i=3 = 
and A = Ag 2X g 2 )- Several comments are in order here. First it is clear that the i = 3 plane 
(i.e. the invariant plane) does not contribute to the classical action, and the coupling for 
i = 3 behaves much as an untwisted one. In fact in the invariant plane the three strings 
must be attached to the same fixed point, i.e. (/i)i=3 = (^2)4=3 = (/3)i=3- These facts are 



1 


sin(27rfci/jV)| 


sin(37rJfei/jV)| 


47T 


sm(nki/N)\ 
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general for all the couplings, in any orbifold, when fixed tori are involved. Second, the 
t>-coset in (|30| ) does not depend on fi since in the calculation of X d (z), Z\ has been sent 
to infinity by using SL(2, C) invariance. We call this the 2-3 picture (for more details see 
ref. ||11|| ). Equation fl3~0|) can be expressed in the 1-2 and 1-3 pictures as well 



c/(1 - 2) 167r|sin(27rA;i/A0| | sin(37r^/iV) | 1 * 1 
v m e (/-^-/a + AuU, (31) 



s. 



c/(l-3) 
W (1S) 



1 


sm(7iki/N)\ 


167T 


sm(27rki/N)\ 


sm(3nki/N) \ 



,( 13 )|2 



e (l-9 3 )(f 1 -f 3 + A 13 ) ± , 



A 12 = {i + e + e 2 )A + u , Ai 3 = (/ + e)A + u 
u = (i + e + 2 )f 3 -(e + e*)f 2 -f 1 . 



(32) 



where 



(33) 



We can check by using the space group selection rule (|Iq) that there is a one-to-one 
correspondence between Sda-2), 5^(1-3) > 5^(2-3)- The 2-3 picture, eq. (j30|) is the most 
convenient one since Ai2,Ai3 are subsets of the original lattice A. Furthermore S c m-2) 
and S^is) depend on the three fixed points considered fi, f 2 , f 3 ; while Sd^s) depends 
only on f 2 , / 3 . 

We can now write the complete form of the correlator using eqs. (|2~9| , |3~0D 



< cr e a e2 a e 3 >= N yjl 2 l 3 ex P \ sin (^) [(/as + «)? + (/as + < 



(34) 



where (^23 + w)» is the z-plane projection of (f 2 — fs + u), A± = Ag 2X g 2 > an d N is the 



properly normalized quantum part |L3 

N = 



1 r(^r(2 

y _±_ L \6) L \3 



2vr r(|)r(i)' 



(35) 



with V± the volume of the G 2 x G 2 unit cell. General expressions for the couplings 
similar to eq. ([34] ) can be found in ref. [13] for all the Z n orbifolds. We have performed 
the calculation in all the cases, checking that the results of the mentioned reference are 
correct. 



2 This difference can be understood recalling that for /2,/3 given, the space group selection rule (|1 
determines f\ uniquely, which does not hold for the other two possibilities. 
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Expression fl3~4|) is not explicit enough for most purposes. For example it does 
not allow examination of the transformation properties of the Yukawa couplings under 
target-space modular transformations (e.g. R — > 1/-R). From a phenomenological point 
of view eq. (0) does not exhibit the dependence of the value of the coupling on physical 
quantities, i.e. those that parametrize the size and shape of the compactified space. In fact 
eq. (0) is not even good enough to calculate the final value of the coupling numerically, 
especially when deformations are considered. The key point in order to do this is to 
write (/ 23 + u)i in terms of (ei, ...,eo), i.e. the lattice basis. This can be done with the 
help of the results of subsection 2.1, see eq. @. Then the correlator fl34[) appears as an 
explicit function of the deformation parameters of the compactified space. Substituting 
the resulting expression in (|26|) we obtain the final Yukawa coupling, which can be writen 
in a quite compact way 



a 



e»6» 2 6» 3 



N J I, I 



2 '3 



uez 4 - 



i 



2vr r(i)r(|; 



r) 



/23 





M(/ 23 + u) 
[0, Q] 



(36) 



where / 2 3 represents the first four components of (/ 2 
the G*2 x Gi sublattice basis (ei, ...,e^) ), and 



fz) (i.e. those corresponding to 



with 



r) 



( 



/23 





[0, Q] = ex P [*T(/a3 + u) 



23 



U 



At? 



M 



(37) 



n 



4^ 



R\ 

3 p2 
-2^1 



-Rl-R3«13 
\ V / 3-Rii?3«i4 



—\R\ RiR^ais 
3Rl -RxR^a^ + </3a u ) 

-RiR 3 (3a 13 + y/3au) 
3R±Rsai3 



y/SRiR^au \ 
3i?ii? 3 a;i3 



3 p2 
"2^3 



3 p2 
"2^3 

Rl 



(3? 



/ 



where the deformation parameters i?/, have been defined in eqs. (y, |j). 

It is worthwhile to have a look at eq. (^) to realize which are the physical quantities 
on which the value of the coupling depends. First Cqqiq-z depends on the relative posi- 
tions in the lattice of the relevant fixed points to which the physical fields are attached. 
This information is condensed in / 23 . Second Cee 2 e^ depends on the size and shape of 
the compactified space, which is reflected in the orbifold compactification parameters 
, «i3, 014) appearing in Q and (implicitely) in V±. Note that both pieces of informa- 
tion appear in a completely distinguishable way from each other in eq. ( |3q) . Notice also 
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that the deformation parameter R\ does not appear in Q. This is due to the fact that R5 
parametrizes the size of the % — 3 sublattice, i.e. the fixed torus, and we have learnt that 
for i — 3 the coupling is equivalent to an untwisted one. This is a general fact for all the 
orbifold couplings in which fixed tori are involved (e.g. it does not occur for the 9 2 9 2 9 2 
coupling of the Z§-\ orbifold, see below). We say that R 5 is not an effective deformation 
parameter for the 68 2 6 3 couplings. The number of effective deformation parameters (4 
in this case) is physically relevant since it is strongly related to the number of different 
Yukawa couplings and their corresponding sizes. 

For the other twisted coupling 9 2 9 2 9 2 in the Zq-1 orbifold, the expression of the 
coupling can be calculated in the same way as in the 66 2 6 3 case, and is given by 

c m = F(h,i 2 ,i 3 )N J2 ex p[-|- M 2 ] 

ueC/s-jii+A) 87r 



F(h,l 2 ,l 3 ) N e M~^ U23+U) 



~M(f 23 + u)] 



F(h,i 2 ,i 3 ) m 



/23 





[0,O], 



(39) 



where F = 1 for li = 1 or l 2 = 1 or l 3 = 1 and F = 4j for li = l 2 = l 3 = 2. Zj is the number 
of elements in the conjugation class associated with f, see eq. (|i"2|). f 23 represents the 
components of (/ 2 — f 3 ) in the lattice basis (ei, ...,e 6 ). The global normalization factor 
and the Q matrix are given by 



V 







N = A 




r«(f) 
r 3 (|) 




a 


-fa 


6 


c 








-fa 


3 a 


-36- 


c 36 








b 


-36 -c 


d 


-id 








c 


36 


-¥ 


3d 




















e 


-¥ 














~\e 


e 



J 



R\ 

R\R 3 a\ 3 



a 
b- 

c = ^/3RiR 3 ai4 
d = 

e = 



(40) 



Clearly the number of effective parameters is 5. 

We have performed a similar analysis for all the trilinear twisted couplings in all the 
Z n orbifolds, giving the number of effective deformation parameters in each case. The 
results are expounded in Appendix 1. 
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2.5 Accidental symmetries and the number of different cou- 
plings 

We are now ready to count the number of different couplings that appear in each orbifold. 
From the physical point of view this is one of the most relevant questions about a string 
construction, since it is directly related to the possibility of reproducing the observed 
pattern of fermion masses and mixing angles. Unfortunately, this task is probably the 
most tedious part of the work presented here. Again, we expound in some detail the 
analysis for the two possible couplings in the Zq-1 orbifold. Let us begin with the twisted 
coupling 66 2 6 3 .The corresponding results for other orbifolds can be found in Appendix 1. 

The first point is that the Q matrix appearing in the Jacobi theta function of the 
coupling, eqs. (|36 H38|) , is universal for all the 99 2 6 3 couplings. This means that the 
differences between the Yukawa couplings come exclusively from the sum in (/ 2 3 + u) in 
the classical part of the correlation. Hence, two couplings 



C 



/23 




[0,n] and C"~tf 



/23 





(41) 



will have the same value if there exists an integer unimodular transformation U (i.e. U G 



GL{A,Z), | U |= ±1) such that 

u T n u = n 

U f 2 3 = /23 



v e z 4 



(42) 
(43) 



Then, if the previous equations are true for some U, there is a one-to-one correspondence 



between the terms of the series defining •& 



/23 





, see eq. 



and those of i? 



/23 





. So 



we have to look for [/-matrices satisfying (f43"l). There is a set of [/-matrices that always 
fulfil (f43"D. These are {J, — 1} and {8 n ,n £ Z}. To check the latter, note that when the 
sum (R^) is expressed in the complex orthogonal basis, the exponent takes a diagonal form 



5^ exp{ a 1 (f 2 3 + u)l + a 2 (f 2 3 + u)l } 



(44) 



weAj 



as can be seen from ([34]). Then the terms multiplying the coefficients eij are unchanged 
under 9 n twists, since these correspond to make rotations in each i-plane. This argument 
is always valid because the factorization (|4*4| ) is a consequence of the fact that the classical 
contributions can be computed in each i-plane separately. In addition to the group 
generated by {—1,6} , there can be "accidental [/-symmetries" leaving Q unchanged in 
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eq. (^). Some of these symmetries con be spontaneously broken when deformations 
are taken into account. After inspection it turns out that, for the case at hand, these 
accidental symmetries are generated by 



U-L 



1 



1 

1 



(45) 



(when expressed in the complex orthogonal basis) plus products of these matrices by 
{—I, 8}. Ui, U2, U3 are broken when deformations are considered. 

Now, two Yukawa couplings C, C are equal (in the non-deformed case) if / 2 3 and 
^23 are connected as in (|43l) by one of the [/-matrices mentioned above. The analysis has 
to be performed for the 90 88 2 8 3 allowed couplings, see subsection 2.3. The result is that 



for the rigid G 2 x G 2 x SU(3) lattice ( i.e. R\ 



R5 > a 13 



ai4 = ) there are 10 



different couplings, corresponding to the following set of / 23 shifts (in G 2 x G 2 ) 



'3 

k 
/3 



1*2 
Ik 



k = 3k 



1 : (0,0)® (0,0), 

1 : (0,0)® (0,1), (0, |)® (0, |), 

2 : (0,0)®(0,§), (0,±)®(0,i), 
(0,0)0(0, |), 
(0,|)®(0,|), 



(46) 



(0,1)0(0,1), (o,|)o(o,|; 
(04)® (04) • 



The meaning of U and its influence in the couplings are given in eqs. (1121) , (|26|) . With 
deformations the symmetry of the Q matrix is smaller, as explained above, and it turns 
out to be 30 different couplings 



k 
k 



Ik 
Ik 



(0,0)® (0,0), 



k = 3/0 



k = 3k 



2 < 



(0,0)0(0, |), 


(0,§)®(0,0), 


(0,|) € 


>(o, §), 


(o,|) 


»(0,|), 


(0,0)® (0,|), 


(0,§)®(0,0), 


(o,|) c 


5(0,1), 


(o,|) 


®(|,o), 


(o,f)®(U), 












(0,0)®(0,§) 


(0,±)®(0,0), 


(o,|) 


8(0,i), 


(o,|) 


®(0,|), (47) 


(o,§)®(f,f), 


(o,|)®(§,|), 


(°,|) 




(°,|) 


®(l,l), 


(o,§)®(o,±), 


(0,1)0(0, |), 


(o,|) 


»(0,|), 


(o,|) 


®(f,§), 


(o,|)® (J, J), 


(0,|)® (0,1)' 


(1,1) 


»(0, |) 


(I ^ 


®(o,|), 


(o,±)®(o,§), 


(0,|)® (0,|), 


(o,|) 


»(o, |). 


(o,|) 


®(o,|) 



The absolute and relative size of these 30 couplings obviously depend on the value of the 
deformation parameters, as reflected in eqs. (|3"6}-P8"D. 

Performing an analysis similar to the 88 2 8 3 case, we find out the number of in- 
equivalent shifts for the 8 2 8 2 8 2 coupling. For the non-deformed case there are 8 different 
couplings, namely 
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— * 

/23 



li — 1 or l 2 — 1 or Z 3 = 1 



l — 



l 2 = l 3 = 2 : 




(48) 



For deformations the number is increased to 12 different couplings given by the 
following shifts 



We have performed a similar analysis for all the Z n orbifolds, the results are in Appendix 
1. In all cases we have checked by computer that the number of different Yukawa couplings 
is correct. 



3 A comparative study of the [SO(A)f and [SU(A)} 2 Z A 
orbifolds 



Although most of the aspects of orbifold Yukawa couplings have been adequately illus- 
trated in the previous section by the Z 6 -l example, there are still some interesting features 
that can be exhibited in the framework of a Z 4 orbifold. In particular we will see the phys- 
ical meaning of a (1,2) modulus (absent in the Z 6 -I case) and its effect in the Yukawa 
coupling values. Furthermore, the comparison of the Yukawa couplings of a Z 4 orbifold, 
formulated in an [S'0(4)] 3 lattice, with those of a Z 4 orbifold, formulated in an [S77(4)] 2 
lattice, will show us which properties of the couplings depend on the chosen lattice and 
which do not. Moreover, the [SO (4)] 3 case provides an example of a non-Coxeter orbifold. 
The twist of a Z 4 orbifold in an orthogonal complex basis has the form (see Table 1) 



Again, the lattice A can get deformations compatible with the twist 9. These degrees of 
freedom correspond to the Hermitian part of the five (1,1) moduli surviving compactifi- 
cation, iVn, N 22) N 33 , N 12 , N 2 \ with Nq = \i > R 00^10 >l, and the (1,2) modulus 




9 = diag(e ia ,e ia ,e- 2ia ), 




(50) 
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^33 = 1 3 >r ®a^l\0 >l- (Notice that no Ny moduli appeared in the Z e -l case.) Un- 
twisted moduli can be easily expressed in terms of g mn , b mn ( m, n = 1,...,6), i.e. the 
internal metric and torsion respectively. It is easy to check, however, that N 33 contains 
only g mn degrees of freedom, more precisely ((755 — g^) and g^. Therefore both Re(iV33) 
and Im(iV33) correspond to deformation parameters. In order to see what these parame- 
ters are, let us choose first an [S'0(4)] 3 root lattice, with basis (ei, ...,e 6 ), as a lattice on 
which the twist 9, see eq. (p0|), acts crystallographically as 

9e x = e 2 , 0e 3 = e 4 , 9e 5 = -e 5 , 
9e 2 = -e x , 9e A = -e 3 , 6>e 6 = -e 6 . 

Then, as in subsection 2.1, P invariance impose the following relations 

|ei| = \e 2 \, |e 3 | = |e 4 |, 

ctij = i= 1,2,3,4 j = 5,6 0:14 = —0:23, 

«12 = «34 = 0, «13 = «24 

where otij = cos^ and e^e.,- = \ei\\ej\ cos8ij. Therefore we can take the seven deformation 
degrees of freedom as 

Ri = N i = 1,3,5,6, 

"13, "14, "56- 

Now it is easy to see that the two deformation parameters coming from N33 corre- 
spond to a variation of the relative size of |es| and | ee | and to the #56 angle; thus allowing 
for a rhomboid-like lattice from the original third SO(4) sublattice. It is remarkable how- 
ever that, as will be seen shortly, the deformation parameters coming from N 33 are not 
involved in the Yukawa couplings. 

Let us briefly summarize the main results of the [SO (4)] 3 Z4 orbifold. They have 
been obtained performing an analysis similar to that followed in the previous section for 
the Zq-1 one. There are 16 fixed points under 9 in this orbifold, given by 

fl ijk) = 9? ® g? ® g{ k) ; h j = o, 2 ; k = 0, 1, 2, 3 (54) 

where 

si 0) = (o,o), ^ = (1,0), ^ w = (§,|), ^! 3) = (o,|). 

Under 9 each fixed point is associated with a conjugation class in a one-to-one corre- 
spondence. Under 9 2 there are 16 fixed tori that are the product of 16 fixed points in the 
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(51) 



(52) 



(53) 



sublattice (ei, e 3 , e±) by the 2-torus defined by the sublattice {e*,,e§) (with or with- 
out deformations). Six of these 16 fixed points are connected to the others through 9 
rotations. The fixed points are (in the first two SO (4) 's) 



92 



9? 



with g% = Qi' ■ And we can see that 



(o) 

92 

9? ] 
9? 



9 { 2 l) 
9? 
9? 



(0) 
92 

(2) 
92 

(3) 
92 



_(3) 
#2 ) 
J3) 
92 ) 
J3) 
#2 ) 



0,1,2,3 



(55) 



„(») 

92 

J2) 

52 

J3) 

#2 



(3) 
#2 

(3) 
92 

(3) 
#2 



(0) 
52 , 



(3) 
52 • 



Note that in the two first S'0(4)'s an d are fixed points under 9 while 0<72 
Consequently there are 10 9 2 conjugation classes and, as was explained in subsection 2.3, 
only symmetric combinations of fixed points (for the conjugation classes with more than 
one fixed point) take part in the Yukawa couplings. For this orbifold all the twisted 
couplings are of the 999 2 type and the selection rule reads 



fi + f2-(l + 0)f 3 eA, 

where f 3 is the 9 2 fixed point. Denoting the fixed points by 



(56) 



fx 


= g^h 


5 g[ n) <S 






= 0,2, 


h 


= 9?h 


3 g{ J2) $ 




> ki,k 2 ,i 3 ,h 


= 0,1,2,3 


h 


= 9^h 




5[a(e 6 )+/9(e 6 )] , 


a, j3 G R, 





(57) 



see eqs. (|54}-|55|) , the selection rule is simply 

%x + %2 + 2i 3 = 

Jl+j2 + 2j 3 = 

ki = k 2 



mod. 4. 



(58) 



The number of allowed couplings is 160. It is clear now that the third 5*0(4) lattice 
always enters in the couplings as the fixed torus associated with the 9 2 field. Then the 
coupling in this invariant plane is of the untwisted type and, consequently, the deformation 
parameters for the third SO (A) sublattice (i.e. R$, Rq, a^, see eq. ( |53|) ) do not affect 
the value of the coupling. Two of these parameters are precisely those coming from N 33 . 
Remarkably enough we have checked that this is a general property for all the orbifolds: 
(1,2) moduli are not involved in the expressions of the Yukawa couplings. It looks as 
though there is a selection rule (unknown to us) forbidding this kind of dependences. 
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For the case where f 3 is also a 6 fixed point, the value of the coupling in the 2-3 
picture is 



exp[- — (|^i| 2 + H 



«e(/ 2 -/3+A)_ 

exp[ v T Mv\ 

Atx 



= JV ^ 

«6(/2-/ 3 +A). 



E 



(59) 



= N $ ^ 3 [0,fi]. 



where (/2 — f 3 + A)j_ selects only (/ 2 — /3 + A) shifts that are orthogonal to the invariant 
sublattice, i.e. the third SO (A) lattice. Thus, (/ 2 — /3 + A)j_ has non-zero components 
in the first two 50(4) 's only. Similarly / 23 represents the four components of (/ 2 — Z^) i n 
the basis (ei, ...,64) of the first SO (4) lattices. Finally 



N 



fy- 1 r 2 (f) 



M 



'-4<K 2 i)tt 



( R\ 


\ RiR 3 a 1 4 





— i?li?3tti4 
RiR 3 a 13 



R\R 3 ol\ 3 R\R 3 q,h \ 

—RxR 3 au R1R3&13 
R\ 




Rj 



(60) 



where V± is the volume of the unit cell of the first two SO (A) x SO (A) sublattice orthogonal 
to the invariant plane. 

If / 3 is not fixed by 9, see eq. ( |60T) , the result is exactly the same but multiplying 
Ceee 2 by a/2. Clearly the number of effective deformation parameters is 4. The number 
of different Yukawa couplings, from the 160 allowed ones, is 6 (without deformations), 
corresponding to 



23 



h 



1 

2 



9? ] 



(2) 

9i 

(2) 
92 



JV 

9i > 



9?® 9?, 



JV JV JV 

92 ) 92 ®92 



and 10 (when deformations are considered), namely 



(61) 



23 



h 
h 



1 

2 



sS 0) 

«?>< 



» 9 1 0) , 



9 f 



92 , 

JV 

92 , 



A 1 ' 
9? 



JV 

92 7 

JV 

92 ■ 



(62) 
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We would like to compare all the previous results with those of the Z 4 orbifold based 
on a Coxeter twist acting on an [S77(4)] 2 root lattice. This will illustrate what aspects 
of the orbifold dynamics are independent of the chosen lattice and what aspects do not. 
Furthermore, for the [577(4)] 2 Z 4 orbifold, the lattice cannot be decomposed as the direct 
product of an invariant sublattice under 9 2 times an orthogonal sublattice, as happened 
in the [5*0(4)] 3 case. This peculiarity, which is shared by other orbifolds, introduces 
some additional complications which we would like to show. The Coxeter element in the 
[S'[/(4)] 2 root lattice is of the form 

9ei = e 2 , 9e 2 = e 3 , 9e 3 = -e 1 - e 2 - e 3 , 
9e 4 = e 5 , 9e 5 = e 6 , 9e 6 = -e 4 - e 5 - e 6 . 

The 7 deformation parameters coming from (N^i, N 22 , N 33 , N 12 , N 2 i, N 33 ) are 

Ri 6j > i 1)4 / r a\ 

(64) 

"12, "l4> "15, "16, "45, 

where (e 1; e 2 , e 3 ) is the basis of the first SU (4), and (e 4 , e 5 , e 6 ) the basis of the second one. 
Equation flBUD should be compared with eq. (p3[), i.e. its analogue in the [S'0(4)] 3 case. 
Clearly the geometrical interpretation of the deformation parameters is different for each 
one. Other parameters of the SU(A) 2 lattice are related to the previous ones by 



"16, (65) 



It is important to point out that the [5'[/(4)] 2 lattice cannot be consistently deformed 
into an [S'0(4)] 3 one. To see this, note that the invariant sublattice under the action of 
the Coxeter element (|63D is generated by [e\ + e 3 ) and (e 4 + e 6 ). If such a deformation 
existed, these vectors could be identified with the basis of the invariant SO (A) sublattice 
in the [>SO(4)] 3 case. Now, it can be shown that we cannot construct a basis of [S'f/(4)] 2 
with (ei + e 3 ) , (e 4 + eg) and four additional lattice vectors orthogonal to these (with or 
without deformations). In fact, it is easy to check that the [5'L r (4)] 2 Coxeter element (|63| ) 
has the same form as the twist 9 of the [5*0(4)] 3 case, i.e. eq. (|5T|), when acting in the 
following set of lattice vectors 

£1 = ei + e 2 , e 3 = e 1 + e 3 , e 5 = e 5 + e 6 , 
e 2 = e 2 + e 3 , e 4 = e 4 + e 5 , e 6 = e 4 + e 6 . 



I e ll 


= l e 2| 


= l e s|, 


l e 4| 


= |e 5 | = |e 6 |, 


«23 


= «12 : 




a 34 


= "16, 


«13 


= -1 


- 2«12, 


a 24 


= "35 = -"14 


«25 


= "36 


= «14, 


"56 


= "45, 


«26 


= cx 15 . 




"46 


= -1 - 2a 45 . 
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Notice that when deformations are included, (ej, e.2, £4, e$) remain orthogonal to (£3, eg). 
Actually, (ei, e 2 , e 3 , e 4 , e 5 , e 6 ) generate an [S'0(4)] 3 sublattice of the [S"?7(4)] 2 lattice but 
they are not a basis of the whole lattice. Anyway the e; will be of help below. The number 
of fixed points is the same in both cases. For the case at hand, [5'f/(4)] 2 , there are 16 
fixed points under 9 which can be expressed as 

fi ij) =9?®9? I ij = 0,1,2,3 (67) 

with 

Si 0) = (0,0,0), # = (il,|), ^ 2) = (|,0,i), g® = (},U). 



Under # 2 there is a fixed torus generated by (ei + 63) and (e 4 + eg). Then we can form 16 
fixed tori as products of this fixed torus by the following 16 9 2 fixed points (six of them 
connected to the others by 9 rotations) 



where 



^W } , <^W } , 9 f ] ®g?\ g? ] ®g?\ 



gi 0) = (0,0,0), gP = 1(1,1,0), g® = 1(1, 0, 1), <?f = 1(0,1,1) 



(68) 



Note that g^ and #2 are fixed under 9 but g^ 1 "* an d 9^ are connected by a 9 rotation, 
092 ] -> ^2 3) - As in the [SO(4)] 3 case there are 10 conjugation classes. The space group 
selection rule also has the same form 

/i + / 2 -(l + 0)/ 3 eA. (69) 

Denoting the fixed points by 

fi = $ l) ®9? l \ f2 = g { S 2) ® 9 { 32 \ /3 = [^ 3) ®# ) ]®Ke 1 + e 3 )+/3(e 4 + e 6 )], 

ji,h,ja = 0, 1,2,3, a,(3eR 

eq. flS9|) can be expressed as 

+ = °1 mod. 4. (71) 
Ji+j2 + 2j 3 = J 

(Note that in spite of eqs. (|69|-|71"|) being formally identical with (|56"|-|58|) the meaning of 
the vectors implicitely involved is quite different.) The number of allowed couplings is 
again the same, 160. The Yukawa coupling, if / 3 is fixed by 9, is given by 
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a 



N 



E 



«6(/2-/3+A). 



exp[ v Mv\. 



(72) 



As usual, the arrows denote components in the lattice basis (ex,...eo). The subscript 
_L means that only v shifts orthogonal to the invariant plane (defined by {e\ + 63) and 
(e 4 + e 6 )) have to be considered. If f 3 is not fixed by 9 the previous expression has to be 
multiplied by a v2 factor. N and M are given by 



N 



fy- 1 r»(§) 



M 



V 



a 
b a 
-a -2b b 

e ~e- f - g 

f e 
9 f 



-a - 2b 
b 
a 

9 

-e-f-g 

e 



-e-f-g 

g 

c 
d 

-c-2d 



f 

e 

-e-f-g 

d 

c 
d 



g 
f 

e 

-c-2d 
d 

c 



a = R\ b = R\a\2 c = R\ d = R\a^ e = RxR^au f = RiR^a^ g = RiR^aiQ. 

(73) 

where V± is the volume of the sublattice orthogonal to the invariant plane (see below). 
By addition of lattice vectors we can always choose f2 and ^3 in ([72]) such that f'2 — f% is 
orthogonal to the invariant plane. Then f2 — fz can be expressed in the "basis" (|66D as 



h ~ h = + x 2 e 2 + x A e A + x 5 e 5 . 



(74) 



We can check that Xi — 0, | (up to lattice vectors) for all the choices of f 2 , f%. However 
it is amusing to see that many of the possibilities are in fact equivalent. Consider, for 
definiteness, the case $2 — fz = 0, i.e. Xi = in ([F4]). Now we can add to f'2 — fz any shift 
contained in the invariant plane, 



h - h = «0i + e 3) + /3(e4 + 



a, (3 e R. 



(75) 



Demanding v = fi — f'3 + A to be orthogonal to the invariant plane we find constraints for 
a and f3. A shift J2i a i e i is orthogonal to the invariant plane if it satisfies the condition 
ai — ci2 + a 3 = and a A — a 5 + = (with or without deformations). Then 



v = a 



(ei + e 3 ) + (3(e A + e 6 ) + ^ n i e i , n { e Z 



(76) 



i=i 
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is orthogonal if 



(a,/?) = (0,0), (0,±), (±0), 



up to lattice vectors. Then v can be expressed as 

v = (ni + a)ei + (n 3 + a)e 2 + (n 4 + /3)e 4 + (n 6 + /3)e 5 . 

Therefore we have to sum up four possibilities for (x\, x 2 , x±, X5), namely 

, .1 1 , . 111111 

(0,0,0,0), (2,3,0,0), (0,0,-,-), (^2>r2 ] - 



(77) 



(78) 



(79) 



This is characteristic of the lattices that cannot be decomposed as the direct product of 
an invariant sublattice times an orthogonal sublattice. In particular it did not happen in 
the [S'0(4)] 3 lattice. In order to write the coupling we have to add to each case in (|79f) 
lattice vectors orthogonal to the invariant plane, i.e. of the form 



u± = n x e\ + n 2 e 2 + n 4 e 4 + n 5 e 5 , 



as is reflected in (78). Now we can express the coupling (f72p , which contained a 6 x 6 M 
matrix, as a sum of four functions defined in the four-dimensional lattice (ei, e 2 , e 4 , e^) 



NJ2 E exp[--U T M'tf) 

/23 , "6(/23+A_l) 



f23 




[o,n'] 



where v and f 2 z are the components in (ei, e 2 , e 4 , e$) of v and (f 2 — f^) respectively. f 2 s 
runs over the possibilities displayed in (|7|), and Q' is given by 



n' 



4vr 2 



-M' 



4tt 2 



/ a 6 c \ 

a — c 6 

6 -c d 

\cb d J 



a 
b 
c 
d 



2R\{l + a 12 ) 

RiRi(au + 2ai 5 + oc w ) 
2i?2(i + a45 ). 



(82) 



Note that there are 4 effective deformation parameters, as in the [S"0(4)] 3 case. Besides 
(fT9p, there are three other inequivalent possibilities for / 3 — f 2 , namely 



{(0,0,0,|), (0,0,1,0), (|,|,0,|), (1,1,1,0)}, 
{(0,1,0,0), (0,1,1,1), (1,0,0,0), (1,0,1,1)}, 



{(o,|,o,i 



2/' 



' 2 ' 2 ' 2 / ' 

(o,|,|,o), 



11^ a i) 



, 2 ' ' 2 ' 2 ' 

:i 0,1,0) }. 



(83) 
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Taking into account that the coupling gets a factor V2 if fs is not fixed by 6, this gives 8 
different Yukawa couplings when deformations are considered, and 6 without deformations 
(the two first possibilities in ( |8"5| ) are equal). This differs from the [S*0(4)] 3 case, where 
there were 10 and 6 respectively. Note that the matrix Q', eq. fl32|), appearing in the 
coupling is formally identical to that of [>SO(4)] 3 , eq. fl60D. However, as we have seen, 
the structure of possible shifts is very different. In any case the number of effective 
deformation parameters is the same for both cases. 

4 Conclusions 

We have calculated the complete twisted Yukawa couplings for all the Z n orbifold con- 
structions in the most general case, i.e. when deformations of the compactified space are 
considered. This includes a certain number of tasks. Namely, determination of the al- 
lowed couplings, calculation of the explicit dependence of the Yukawa couplings values on 
the moduli expectation values (i.e. the parameters determining the size and shape of the 
compactified space), etc. Some progress in this direction has recently been made but with- 
out arriving at such explicit expressions as those given in this paper. This is an essential 
ingredient in order to relate theory and observation. In particular it allows a counting of 
the different Yukawa couplings for each orbifold (with and without deformations), which 
is crucial to determine the phenomenological viability of the different schemes, since it is 
directly related to the fermion mass hierarchy. In this sense some orbifolds (e.g. Z 3 , Z4, 
Zq-1, Z 8 -l, Z 12 -I) have much better phenomenological prospects than others (e.g. Z 7 , 
Zq-11, Z 8 -I1, Zi 2 -lT). The results for the whole set of Coxeter orbifolds are summarized 
in Table 1. Other facts concerning the phenomenological profile of Z n orbifolds are also 
discussed, e.g. the existence of non-diagonal entries in the fermion mass matrices, which 
is related to a non-trivial structure of the Kobayashi-Maskawa matrix. In this sense 
non-prime orbifolds are favoured over prime ones which do not have off-diagonal entries 
in the mass matrices at this fundamental level. 

The results of this paper give the precise form in which moduli fields are coupled 
to twisted matter. This is essential in order to study in detail other important issues. 
Namely, the supersymmetry breaking mechanism by gaugino condensation (in which the 
moduli develop an additional non-perturbative superpotential), and cosmological impli- 
cations (note that the moduli are also coupled to gravity in a Jordan-Brans-Dicke-like 
way). The level of explicitness given in the paper is also necessary for more theoretical 
matters (e.g. the study of the transformation properties of the Yukawa couplings under 
target-space modular transformations like R — > 1/R ). Concerning the last aspect we 
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have found some appealing results, such as the fact that (1,2) moduli never appear in 
the expressions of the Yukawa couplings. Likewise, (1,1) moduli associated with fixed 
tori which are involved in the Yukawa coupling, do not affect the value of the coupling. 
It is worth noticing that the above mentioned moduli are precisely the only ones which 
contribute to the string loop corrections to gauge coupling constants |22| . 
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APPENDIX 1 



We follow a notation as compact as possible. The precise meaning of all the 
concepts appearing here is explained in detail in the text for the Zq-1 and Z4 
examples. 

QRBIFOLD Z 3 

Twist 6 = diag(e ia , e ia , e~ 2ia ), a = ^ 
Lattice [SU(3)} 3 
Coxeter element 

dti = ej_|_i, #ej_|_i = — ej — e^i, i = 1, 3, 5 

Deformation parameters 
Relations 

I |2 I 12 1 

a i,j + a i,j+l + a i+lJ = 0? J = 1, 3, 5 % < j 

(Xij = COS (fly) 

Degrees of freedom (9) 

Ri — l^il, ttij, Ojj+i, i,j = 1)3,5 i < j 

Lattice basis (e*) in terms of orthogonal basis (e«) 
Not necessary in this case. 

Fixed points of 6 (27) 

fl ijk) = ® g? ® g?\ i,j, k — 0,1, 2, 
^ = (0,0), ^ = (§,§), gl 2) = (U) 

Coupling eee 

Selection rule 

h + h + h e A 

Denoting 



/l 




§ s? e 


5fff° 


«1,«2,«3 


= 0,1,2 


/ 2 


= ^ * 








= 0,1,2 


/3 




lg[ j3 h 


^f 3) 


fa, fa, fa 


= 0,1,2 
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the selection rule reads 



^1+^2 + ^3 =0 
ji + 32 +ja =0 
ki + k 2 + h = j 

Number of allowed couplings: 729 
Expression of the coupling 



mod. 3 



with 

n = 



Co 



«e(/ 3 -/ 2 +A) 



,2ti\ 

y 



/23 




.VI 



M, N 



q3/4 ^6 ^ '2^ 



87T3 !*(!) 



'8tt 2 



i2? 


R( 
2 


R1R30113 


i?li?3Q;i4 


-Rl-R5«15 


-R1-R5CH6 


«? 

2 




R1R3CX23 


R1R3CH13 


-Rl-R5"25 


i?li?5ttl5 


i?ii?3ai3 


i?li?3«23 


R 3 


R 3 
2 


i?3-R5«35 


-^3-^5^36 




-Rl-R3«13 


Rl 
2 


^3 


-R 3 i? 5 Q;45 


-^3-^5^35 


RiR$ai 5 


RiR 5 a 2 5 


R3R5CH35 


i?3-R5Q;45 




2 


R1R50116 


R1R50115 


-R3-R5«36 


i?3-R 5 Q;35 


*§ 

2 





«23 = ~(«13 + «14) , «25 = — (ai5 + «16) , «45 = -(«35 + «36) 

Number of effective parameters: 9 

Number of different couplings without deformations: 4 

— * 

corresponding to the following / 23 shifts 



23 



9i 



(o) 



01 



o (0) (1) 

yi ^ yi 



(0) (0) 
9i ®9i , 



9? 9 9? 



JO) (1) 
#1 5 01 



„(1) 
#1 



Number of different couplings with deformations: 14 
corresponding to the following / 23 shifts 



SiW^yf, 



(!) ^ 



9i ® 9i 



23 



9i <&9i 



(o) 



#1 > 

„(2) 
01 , 



(o) 



,(°) 



(i) 



Ji) 
0i > 

J2) 
01 , 



{9?®9 { ?®9?\ 



0i ® 0i 
9?® 9?® 9? 



(!) ^ „(°) 



01 ® g\ '® g\ 



(0) 

01 



(2) 
01 



0i 



(o) 
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QRBIFOLD Z 4 



See Section 3 



QRBIFOLD Z 6 -I 

See Section 2 

QRBIFOLD Z 6 -II 

Twist 9 = diag(e ic \ e 2ia , e~ 3ia ) , a = ^ 
Lattice S77(6) <g> 517(2) 
Coxeter element 

0ej = e i+ i, i = 1, 4, 0e 5 = -ei - e 2 - e 3 - e 4 - e 5 , 6»e 6 = -e 6 

Deformation parameters 
Relations 

|ei| = |e 2 | = |e 3 | = \e 4 \ = |e 5 |, a i2 = a 23 = «34 = «45 = + «i4 + 2«i 5 ), 

«15 = «13 = «24 = «35, «16 = ~ «26 = «36 = ~ «46 = ^56, 

"14 = "25 

tty = C0S(%) 

Degrees of freedom (5) 

R\ = |ei|, Rq = | ee j , "u, "15, «i6 

Lattice basis (e^) in terms of orthogonal basis (e^) 

ei = Aj[cos((pj + (i — l)6ja)ej + sin(</?j + (i — l)bja)ej +1 ] i — 1, 5 

j=l,3,5 

e 6 = -R 6 [cos(v? 3 + A)e 5 + sin(y? 3 + A)e 6 ] 
with a = f and b\ = 1, 6 2 = 2, 63 = 3 
cos(A) = ^tt=, Ax = ^ VI - 3«i4 - 4a 15 , A 3 = ^VTTW, ^5 = + 2a 15 

</?i, (f2, <f3 are free parameters. 
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Fixed points of 9 (12) 





AH) - „M 

Ji — 9i 


<g) # 


, i = 0, 1,...,5, j- 


= 0,1 


(0) 

9i = 


(0,0,0,0,0), 


9? = 


|(5,4,3,2,1), # 


= |(4,8,6,4,2), 


(3) 

9i = 


1(3,6,9,6,3), 


# = 


|(2,4,6,8,4), # 


= 1(1,2,3,4,5), 


~(0) 

9i = 


(0), 


# = 





Fixed points of 9 2 (9) 

Fixed torus: a{e\ + e 3 + e 5 ) + (3(e 6 ) , a, [3 <E R 



ff = # ® [a(ei + e 3 + e 5 ) + /3(e 6 )] , i = 0, 1, 8, a, (3 e R 

# = (0, 0, 0, 0, 0), # = |(0,1,1, 2, 2), # = |(0, 2, 2, 1, 1), 

# = |(1, 0, -2, 0, 1), # } = |(1, 1, 2, 2, 0), # = 1(2, 2, 1, 1, 0), 

# = §(-1, 0,2, 0,-1), # = |(2,-2,0,2,-2), # = 1(1, -1,0, 1,-1) 

Note that :#-#,#-#, 61 : # } - # 
Number of conjugation classes: 6 



Fixed points of 9 3 (14) 

Fixed torus: a{e\ + e 4 ) + /3(e 2 + e 5 ) , a, (3 & R 



f^ = g W®gW®[ a ( ei + e 4 )+(3(e 2 + e 5 )], i = 0,l,...,7, j = 0, 1, a,/3ei2 

# = (0, 0, 0, 0, 0) , # = |(1,1,1, 0, 0) , # = |(1, 1, 0, -1, -1) , 

# = |(0,1,1,1,0), # = |(1,0,0,1,0), # = |(0,0,1,1,1), 

# = |(0,1,0,0,1), # = |(1,0,1,0,1), 

# = (0) , # = (§) 

Note that in the SU(6) lattice 9 : # -> # } -> # and 6? : # -> # -> # 
Number of conjugation classes: 8 



Coupling flfl 2 fl 3 

Selection rule 

/i + (J + ^)/2 — (I + 9 + 9 2 )f 3 e A 
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Denoting 



fi 
h 
h 



^ 2) ® [a(e 1 + e 3 + e 5 )+/3(e 6 )] 

[7(ei + e 4 ) + 5(e 2 + e 5 )] ^ 



(is) 

9 s 



the selection rule reads 



ii + 2i 2 + 3i 3 = 

Jl = J3 



Number of allowed couplings: 48 
Expression of the coupling 



mod. 6 



h = 0, 1, ...,5 , 

jl,j3 = 0, 1 , 

1 2 = 0,l,...,8, 

1 3 = 0,1,..., 7, 

a, P, 7, 5 E R 



I \/3 

CW = sjhh N E exp[— — |ui| 2 ] 

t>e(/3-/ 2 +A)x 1 



where Zj is the number of elements in the fi conjugation class and (/ 3 — / 2 + A)_|_ 
denotes elements orthogonal to the two invariant planes 

6 1 1 

(/a - h + A)± = E(^i + ™l)(~ e i + e 2 + e 3 + -e 4 ) + (h l 2 + r^)(-ei - e 2 + e 4 + e 5 ) 
i=i ^ ^ 

where denoting / 23 = (h{, h l 2 ), / 23 is always 

4 =(o,o) 4=(°4) 4=(i,i) 

J 23 — I 3 , 6 J ^23 — 1 3 5 3 ) J 23 — I 3 , 6 J 

with n\,n 2 G Z. The coupling takes the final form 

V3 



h h n e E ex p[-f- ^23 + «) t m(/] 3 + u)\ 







[0,fi] 



with 

" ? 47T 2 



M 



/q / 1 _1 



2tt 2 



— 3«i4 — 4q;i 5 ) 



■I 1 



N 



2tt >J r(J)r(J) 



30 



with V± the volume of the unit cell generated by {^ei + e2 + e3 + |e4, ei + e 2 — e 4 - 
Number of effective parameters: 1 

Number of different couplings without deformations: 4 
Number of different couplings with deformations: 4 



Coupling ddd 4 



Selection rule 

/i + / 2 -(/ + 0)/ 3 eA 

Denoting 



(h)^aO'i) ^ *i, *2 — 0, 1, 5 , 



h = gr®g\ 
h = g{ l2) 

h = 92 3) ® [a(ei + e 3 + e 5 ) H- ^O,,)] J 
the selection rule reads 



Jl,j2 = 0, 1 , 

i 3 = 0,l,...,8, 



ii + i 2 + 4i 3 = 
h = h 



mod. 6 



Number of allowed couplings: 72 
Expression of the coupling 

Ceee± = \fh N £ exp[-^- (\ Vl \ 2 + \v 2 \ 2 )} 

where (/ 3 — / 2 + A)j_ denotes that the coset elements must be orthogonal to 
the (ei + e 3 + e 5 , e 6 ) plane 

3 

(/ 3 -/ 2 +A)± = E[( /l i+<)(ei-e3) + (/i 2 +n 2 )(e 2 +e 3 ) + (/i3+n 3 )(e 3 +e4) + (/i4+n4)(e5- 

where denoting / 23 = (h{, /i 4 ) there are two possible tri-plets of values for 
ffa depending on the values of / 2 , / 3 

4 = (0,0, 0,0) /I = (§,0,0,§) /| = (|, 0,0, 1) 

and 

/23 — (§> I' I' D ^3 = (§> f > §> 0) /| 3 = (0, §, §, §) 
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with n\, n l 2 , n\, n\ G Z. Finally the coupling takes the form 



cw = Y, e M-^-(fl + u) T M(fi + u)} 



= JT 3 NJ2$ 



f%3 





[0,Q] 



with 



i n^n^ 



2tt >J r(|)r(i) ' 

V± is the unit cell volume of the sublattice orthogonal to the invariant plane 



n — j VI 



( 


2a 


—a 


a+c- 26 
2 


—a 


\ 




—a 


6 


C 


a+c- 26 
2 






a+c- 26 
2 


c 




—a 




V 


—a 


a+c- 26 
2 


—a 


2a 


/ 



a = i?f (1 - a 15 ) 

b = R\{1 — otu — 2ai 5 ) 

c = R\{a 1A + ai 5 ) 



Number of effective parameters: 3 

Number of different couplings without deformations: 4 
Number of different couplings with deformations: 4 



QRBIFOLD Z 7 

Twist 6 = diag(e ic \ e 2ia , e~ 3ia ) , a = ^ 
Lattice SU(7) 
Coxeter element 

9ei = e i+1 , i = 1, 5, 0e 6 = -e 1 - e 2 - e 3 - e 4 - e 5 - e 6 

Deformation parameters 
Relations 

|ei| = |e 2 | = |e 3 | = |e 4 | = |e 5 | = |e 6 |, a 12 = a 23 = "34 = "45 = "56, 

"13 = "24 = "35 = "46 = "16, "14 = "25 = "36 = "15 = "26 = ~\ ~ "12 - "13 

CKy = COs(%) 

Degrees of freedom (3) 

R = |ei|, a 12 , «i3 
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Lattice basis (e*) in terms of orthogonal basis (e,) 

ti = ^2 Rj[cos((i — l)bjOt + (pj)ij + sin((i — l)bja + ipj)ej + i\ i — 1, 6 

J'=l,3,5 

with a = ^f and bi = 1, b 3 = 2, 6 5 = 4 

= ^2^(0,2 _ ft 2) + ai3 ( a 2 _ ^2) + 1^2] 

i?3 = i? 2 [ai 2 (a 2 - «§) + «i 3 (« 2 - a\) + la 2 ] 

i?2 = ^[0,^(0,2 _ a 2^ + ai3 ( a 2 _ ft 2) + l a 2] 

a 2 = |[1 — cos(6;a)] , i = 1, 3, 5 
(pi, ip2, y? 3 are free parameters. 

Fixed points of 6 (7) 

A (0) = (0, 0, 0, 0, 0, 0), f[ 1] = 1(6, 5, 4, 3, 2, 1), A (2) = 1(5, 3, 1, 6, 4, 2), 
A (3) = 1(4,1,5,2,6,3), A (4) = 1(3,6,2,5,1,4), ff = ±(2,4,6,1,3,5), 
A (6) = 1(1,2,3,4,5,6) 



Coupling flfl 2 fl 4 

Selection rule 

A + 2/ 2 — 3/3 G A 

Denoting 



A 






A 




il,«2,«3 = 0, 1, ...,6 , 


A 


= fh J 





the selection rule reads 

%\ + 2i 2 — 3i 3 = mod. 7 

Number of allowed couplings: 49 
Expression of the coupling 



a 



X 

N ^2 exp sin (a) sin(2a) sin(3a) 

ve(h-f 2 +A) I 4?r 

N J2 e M-]~ (/23 + u) T M(f 23 + u)} 



hi 2 M 

1 . 9 / \ 1 



sin (3a) sin (a) sin (2a) 



A3 




[0,fi] 
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n = i 



4tt 2 



M 



Q = i-^z sin(o;) sin(2o;) sin(3a) 









■ 1 " 


3/2 








L2tt_ 














a 


b 


c 


d 


d 


c 


b 


a 


b 


c 


d 


d 


c 


b 


a 


b 


c 


d 


d 


c 


b 


a 


b 


c 


d 


d 


c 


b 


a 


b 


c 


d 


d 


c 


b 


a 



r(f)r(f)r(j 
r(i)r(|)r(|)J 



-i 3/2 



R L 



d 



sh?(3a) 

R\ cos(a) 
sin 2 (3a) 

R\ cos (2a) 
sin 2 (3a) 

R\ cos(3a) 
sin 2 (3a) 



+ 



R 2 



+ 



sin 2 (a) sin 2 (2a) 



+ 



Hx cos (2a) R\ cos(3a) 



sin (a) 



R\ cos (3a) 
+ sin 2 (a) h 



siri 7 (2a) 

R\ cos (a) 
sin 2 (2a) 



R\ cos(a) 
sin 2 (a) 



R\ cos(2a) 
sin 2 (2a) 



Number of effective parameters: 3 

Number of different couplings without deformations: 2 

corresponding to the following / 23 shifts 

Number of different couplings with deformations: 4 
corresponding to the following / 23 shifts 

f _ r f (o) f (i) A2) ,(3)-. 
J23 — ill , Ji , Ji , h i 



QRBIFOLD Z 8 -l 

Twist 6 = diag(e ia , e 2ia , e~ 3ia ) , a = f 
Lattice SO (5) <g> 50(9) 
Coxeter element 

0ei = ei + 2e 2 , #e 2 = — ei - e 2 , #e 3 = e 4 , 

#e 4 = e 5 , 6»e 5 = e 3 + e 4 + e 5 + 2e 6 , 6»e 6 = -e 3 - e 4 - e 5 - e 6 

Deformation parameters 



Relations 



ed 



v / 2|e 2 |, |e 3 | = |e 4 | = |e 5 |, -2a 56 |e 6 | = |e 3 |, 



«i2 = -75, "35 = 0, a 34 = a 45 , 

46, 

cty = i — 1,2 j — 3,4,5,6 



«36 — «46, «36 — 2^ — "SO, «34 — 4^ — 1, 



34 



Otij = cos(%) 



Degrees of freedom (3) 



Ri — |ei|, R 3 



|e 3 |, a 56 



Lattice basis (e^) in terms of orthogonal basis (e^) 

ex = f {[(2 + v / 2) 1 / 2 cos(vPi) + (2-v / 2) 1/2 sin( V 9 1 )]g 1 + 

+ [-(2 + v/2) 1/2 sin^) + (2 - v/2) 1/2 cos(v?i)]g 2 } 
e 2 = f {-[(2 + v / 2) 1/2 cos( V 9 1 ) + (2- v / 2) 1/2 sin( V 9 1 )]g 1 + 

+ [(2 + v^sinfax) + (2 - v / 2) 1/2 cos( V 9 1 )]g 2 } 
e 3 = A[cos(y? 2 )e 3 + sin(y9 2 )e 4 ] + B[cos(ip 3 )e 5 + sin(y9 3 )e 6 ] 
e 4 = A[cos(a + (/9 2 )e 3 + sin(o; + (/9 2 )e 4 ] - 5[cos(a; + (/9 3 )e 5 + sin(a + (/9 3 )e 6 ] 
e 5 = -A[sin(v? 2 )e 3 - cos(y? 2 )e 4 ] - B[sm((p 3 )e 5 - cos(</? 3 )e 6 ] 
e 6 = f [- cos(</? 2 ) + sin((/9 2 ) - 2 cos(</? 2 ) cos(a)]e 3 + 

+f [— cos(y? 2 ) - sin((/9 2 ) - 2 sin(</? 2 ) cos(«)]e 4 + 

+f[— cos(</? 3 ) + sin((/9 3 ) + 2 cos(y? 3 ) cos(o;)]e5+ 

+ f [- cos(9? 3 ) - sin(y? 3 ) + 2 sin(y9 3 ) cos(a)]e 6 



with a = and 



A = R» 



1+V2 



1/2 



1— y/2 



+ 



1/2 



(/?!, (/? 2 , </? 3 are free parameters. 



Fixed points of 6 (4) 



(ij) 



9? ® # 



0,1, j = 0,1 



0i 



(0) 



(0,0), ^ = 1(1,0), £j 0) = (0,0,0,0), ^1 1} = |(1,0,1,0) 



,(0) 



(1) 



Fixed points of 6 2 (16) 



f: 



(ij) 



(») 
02 



(J) 



i,j = 0,1,2,3 



(0,0), 
(0,0,0,0), 



1(0,1), 
1(0,1,1,0), 



(2) 
92 
.(2) 
02 



|(i,o), 

1(1,0,1,0), 



(3) 
92 

~(3) 
02 



1), 

1(1,1,0,0) 
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Note that 9 : g 2 



(i) 



# and0:#-#. 



Number of conjugation classes: 10 

Fixed points of 6 3 (4) 
The same as for 9. 



Aw) _ 
J3 — 



93 



# 



5 = 0,1, j — 0,1 

# = (o,o), # = i(i,o), # = (0,0,0,0), # = |(1,0,1,0) 



Fixed points of 6 4 (16) 

Fixed torus: a(e{) + (3(e 2 ) , a, (3 E R 



ff = [a(e 1 )+/3(e 2 )]®$> , % = 0, 1, 15, a, [3 E R 



# = (0,0,0,0), # = |(1,0,1,1), # = |(1,0,0,0), # = |(1,0,0,1), 

# = 1(1, 1, 0, 0), # = 1(0, 0, 0, 1), # = 1(0, 1, 0, 0), # = |(0, 0, 1, 1), 

# = i(l,0,l,0), # = |(1,1,0,1), # } = 1(0,0,1,0), # } = |(0,1,0,1), 
# } = 1(0,1,1,0), # } = |(0, 1,1,1) # } = 1(1,1,1,0), # ) = |(1, 1,1,1) 

Note that in the SO (9) lattice 



■ # 
9 ■ # 



5 (12) 
94 

~(6) 
#4 



94 



5 (14) 
#4 



: M'' 



(5) 



6 (3) 
#4 

#4 



Number of conjugation classes: 6 



94 

~(13) 
94 



94 ) 

, 5 (15) 
* #4 



Coupling fl 2 W 
Selection rule 



Denoting 



/i 
h 

h 



fi + f2-(i + 2 )f 3 eA 



# } ® a? 
# } ® # } 



[a(ei) + /3(e 2 )] <g> & 
the selection rule reads 



*i,*2, ji, J2 = 0, 1,2,3, 
is = 0,1, ...,15, 
a,(3 e R 



i\ = H 

Jl + (_l)03 + l) j2=j3 



mod. 4 
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Number of allowed couplings: 84 
Expression of the coupling 



Cg2 d 2 8 4 



ve(f 3 -f 2 +A) ± 47r ve ^f 3 -f 2 +A) ± 



F(h,l 2 ,h) 



N{$ 



f'23 




[0, n] + ■& 



f'23 




[o,n]} 



where (/ 3 — /2+A)j_ denotes that only coset elements belonging to 5*0(9) lattice 
are considered; f 23 — f 2 — $3, f 23 = 0f 2 — f 3 , the arrows denote components in 
the SO (9) lattice, k is the number of elements in the / conjugation class (in 
all the cases, except I1J2J3 = 2, f 23 = f 23 )- Finally the values of F{li,l 2 ,l 3 ) 
are 



h — l 2 — I3 — 1 
l 1 = l 2 = ll 3 = 4 

h — h — h — 2 
1(2) l 2 = 2(1) Z 3 = 4 



F = 1 l 1 = l 2 = ll 3 

F = 2 li — l 2 — 2 Z3 

F = k = l 2 = 2h 
F = \fl 



N 



1 r 



2/3^ 



27T F>(±) 



ft 



4tt 2 



/ a 6 

6 a 

6 

\ c c 



c \ 

6 c 

a d 

d e J 



a 
b 

c ■ 

d 

e 



where V± is the volume of the 5*0(9) lattice 
Number of effective parameters: 2 
Number of different couplings without deformations: 8 
corresponding to the following f 23 shifts 

F=l { (0,0,0,0), (|,0,|,0), 
/as = F = v/2 



2 
1 
4 



F = 
F = 1 
F = 1 



2 

4«L 



I I 00) 



1 0,0), (|,o,o,|), 



V.2' 2' ' V2' 2> 

(0,0, i, I), (0,0,0,0)U(±,0,±,0), 
F = 2 (|,0,0,0) 



1] 

«56] 



Number of different couplings with deformations: 9 
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corresponding to the following / 23 shifts 



2.3 



F = 1 



(0,0,0,0), (|,0, |,0), 



|,|,0, 0), (0,^,0,0), 



F = V2{ <**?'? 

I (r\ n 1 1 



(|,o, 0,1), 



(0,0, \,\), (0,0,0,0)U(±,0,±,0), 



F = 2 (|,0,0,0) 



Coupling ee 2 e 5 

Selection rule 



Denoting 



fi + (l + d)f2-(l + + O 2 )f 3 e A 



/i 



/ 2 = g\ -> ($ g~ 
h = 9^® 9^ 

the selection rule reads 

ii + i2 + h 
ji + 32 + h 

Number of allowed couplings: 40 
Expression of the coupling 



k,h,h,h = 0, l , 
^2,j2 = 0,1,2,3 , 



mod. 2 



Cgg2 d 5 



2 £ exp[-- (^^\vi\ 2 + + —j=-\ 

«6(/3-/2+A) ± 47r V2 V2 

N eX P["^ (/23 + ^) T M(/2 > 3 + «)] 



u<=Z 6 

J23 




47T 

[0,Q] 



with / 2 the number of elements in the f 2 conjugation class 

r 1 1 3/2 r(I)r(|)r 2 (j) 



n = i—^M N = X V A 
An 2 



2tt 



r(|)r(|)r 2 G) 
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(a -aOOOO\ 
-a 2a 



Q= i 



4tt 2 







V o 










b c e 

c b c d 

c b e 

e d e f J 



a = R\ 

6 = ^[(v / 2 + l)A 2 + ( v / 2-l) J B 2 ] 
c=i[(v / 2 + l)A 2 -( v / 2-l) J B 2 ] 
d = -\[{y/2 + If A 2 + (y/2 - l) 2 B 2 } 
e = ~^[(V2 + I) 2 A 2 - (V2-1) 2 B 2 ] 
/ = ^ 5 [(v / 2 + l) 3 A 2 + ( v / 2-l) 3 fi 2 ] 



Number of effective parameters: 3 

Number of different couplings without deformations: 8 

— * 

corresponding to the following / 23 shifts 

l 2 — C i 



J23 — 



Number of different couplings with deformations: 9 
corresponding to the following f 2 $ shifts 

k = 1 { 

h = 2 



hz — 



g { ? 



QRBIFOLD Z 8 -ll 

Twist = diag(e ia , e 3ia , e~ 4ia ) , a = ^f 
Lattice SO (4) ® SO (8) 
Twist in the lattice basis 

Oei = — ei, #e 2 = — e 2 , #e 3 = e 4 + e 5 , 

#e 4 = e 3 + e 4 + e 6 , #e 5 = -e 3 - e 4 - e 5 - e 6 , #e 6 = -e 3 - e 4 

Deformation parameters 
Relations 

M = |e 5 |, |e 4 | = ^[|e 3 | 2 + leel 2 ] 1 / 2 , a 35 = 0, 

rv -0 rv - 1 [|l e 6| 2 -||e 3 | 2 ] _ [|e 3 | 2 -|e 6 | 2 ] 

^JiksMKP] ^WW^! a .. -0 i- 1 2 7 - 3 4 5 6 
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Otij = cos(%) 



Degrees of freedom (5) 



Ri — |ei|, i? 2 — |e 2 |, -R3 — |e 3 |, R 6 — |e 6 |, ai 2 



Lattice basis (e^) in terms of orthogonal basis (e«) 



ei 

e 2 
e 3 
e 4 

e 5 
e 6 



Ri[sm(ip 1 + 6*i 2 )ei + cos(</?i + 9 12 )e 2 ] 
R 2 [sm(ip 1 )e l + cos(</?i)e 2 ] 

A[cos(y? 2 )e 3 + sin(v? 2 )e 4 ] + p 2 [cos(y? 3 )e 5 + sin(y? 3 )e 6 ] 

^[(cos(y? 2 ) + (1 + V2) sin(v? 2 ))e 3 + (-(1 + ^2) cos(y? 2 ) + sin(y9 2 )g 4 ]- 

-^|[(cos(v? 3 ) - (1 - y/2) sin(y? 3 ))e 5 + ((1 - ^2) cos(y? 3 ) + sin(y9 3 )e 6 ] 

-A[sin(v? 2 )e 3 - cos(y? 2 )e 4 ] + p 2 [sin(y9 3 )e 5 - cos(y9 3 )e 6 ] 

-(1 + v / 2)-4[cos(v? 2 )e 3 + sin(y9 2 )e 4 ] + - l)p 2 [cos(</? 3 )e 5 + sin(y? 3 )e 6 ] 



A - M- 



(t) -d-v^r- 

ipi, ip 2 , <^3 are free parameters. 



1/2 



J P2 — ^4 



(f) 2 (l + V2) 2 -l 



1/2 



Fixed points of 6 (8) 



A tj) = g? ® g{ 3) , 1 = 0,1,2,3, j = o,i 



# = (0,0), ^ = 1(1,0), # = 1(1,1), 

# = §(0,1), # = (0,0,0,0), # = 1(0,0,1,1) 



,(!) _ 1 



(2) _ 1 , 



Fixed points of 6 2 (4) 

Fixed torus: a(e{) + /3(e 2 ) , a, (3 <E R 

/ 2 (l) = [«(ei)+/9(e 2 )]®#, « = 0,1,2,3, a,(3eR 

# = (0,0,0,0), # = ±(1,0,1,0), # = 1(0,0,1,1), M 3) = 1(1,0,0,1) 

Note that in the SO (8) lattice : # -> #. 
Number of conjugation classes: 3 



Fixed points of 6 3 (8) 
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The same as for 9. 



(0 



i = 0,1,2,3, j = 0,1 



# = (o,o), 

# 



1(0,1), 



# 

# 



1(1,0), 
(0,0,0,0), 



# 
# 



1(1,1), 

1(0,0,1,1) 



Fixed points of # 4 (16) 

Fixed torus: cn(ei) + /3(e 2 ) , a, (3 <E R 



f { I ] = He 1 )+P{e 2 )}®gf , j = 0, 1, 15, a,/3e# 

# = (0,0,0,0), # = §(1,0,0,0), # = |(0,1,0,0), # = i(0,0,0,l), 
# } = 1(1, 0, 1, 0), # = 1(0, 1, 1, 0), # = |(1, 1, 0, 1), gP = ±(1, 1, 0, 0), 

# = |(0,0,1,1), # = |(0,0,1,0), # } = |(0, 1,1,1), #> = ±(1,0,1,1), 
# } = ±(1,0,0,1), # } = i(l, 1,1,1), # } = |(1, 1,1,0), # } = ±(0,1,0,0) 

Note that in the SO (8) lattice 

u ■ 9a ^ 94 , & ■ 94 9a — >• #4 — >■ #4 > 

^ • #4 #4 #4 — > #4 , ^ • 94 ~^ 94 ^94 ^94 

Number of conjugation classes: 6 

Coupling eee 6 



Selection rule 



Denoting 



/i + /2-(/ + fl)/ 3 eA 



fi = # } ®# } ] ii,i 2 ,h = 0,1,2,3, 

/2 = #®# } J1,J2 = 0,1, 

/ 3 = [a(e 1 )+/3(e 2 )]®# ) J 
the selection rule reads 



% x = i 2 

ji + h + h = 



mod. 2 



Number of allowed couplings: 24 
Expression of the coupling 
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Cm = ^ 3 N £ exp[-^(h| 2 + h| 2 )] 



v6(/ 3 -/ 2 +A)j 



V2 



h n Yl ex p[-f - (/23 + tiyM(f 23 + «)] 



/23 




[0,fi] 



where the expression (/ 3 — / 2 + A)j_ indicates that the coset elements must 
belong to 5*0(8) and f 2 3 is the restriction of f 2 z to 50(8), l 3 denotes the 
number of elements in the / 3 conjugation class, and the arrows denote the 
components in the 50(8) lattice 



N 



_!£©£(§) 
2- r(|)r(|) ' 



4- 



.V2 

'Stt 2 



/ a 
b 


\ c 



6 





e 
a 




\ 





/ J 



a 
b- 
c - 
d 
e ■ 
f 



R^ 



In2 I lp2 



lR2 

2 ""-3 

1 p2 
2^3 



I R2 
2 /l 6 

1 p2 
2 -fX 6 



3 d2 , lp2 
Rl 



where V± is the volume of the 50(8) lattice 
Number of effective parameters: 2 
Number of different couplings without deformations: 3 
Number of different couplings with deformations: 3 
corresponding to the following / 2 3 shifts 



/23 — 



h = 2 g y 2 



g 2 -i 

(i) 



Coupling ee 3 e 4 

Selection rule 

fi + f2-(I + + 2 + 3 )he A 
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Denoting 



fi 
h 
h 



g? 2) ® # } 



[a(ei)+/3{e 2 )]®gi 



Us) 



the selection rule reads 



l! = % 2 

ji + h + J3 = 



ii,i 2 = 0, 1,2,3 , 
jl,j2 = 0, 1 , 
J 3 = 0,l,...,15, 
a,(3 e R 



mod. 2 



Number of allowed couplings: 48 
Expression of the coupling 



CW = TV ]T exp[-^- ((v^+l)!^! 2 + (v / 2- 1)N 2 )] 
Z 3 AT ]T exp[--^ (A + m) T M(/23 + «)] 



/23 




[0,fi] 



where (/3 — f 2 + A)j_ indicates that the coset elements must belong to 5*0(8), 
and V± is the volume of the SO (8) lattice 



N = JV± — 



i r(i)r ( |) fl = 



2^ r(i)r(|) 



4tt 2 



M 



4vr 2 



[(v^+l^ + ^-l)^ 2 ] 
[(y/2 + 2)(V2 + 1)A 2 - (v^ - l)(y/2 ~ 2)B 2 } 



fa b e \ b=^[(V2 + l)A 2 -(V2-l)B 2 ] 

b c d d 

d a 

V e d / y 



d = -^[(y/2 + I) 2 A 2 + (v/2 - 1) 2 £? 2 
e = -[(^2 + 1) 2 A 2 - (v^ - 1) 2 5 2 ] 
/= [(v / 2 + l) 3 A 2 + ( v / 2-l) 3 J B 2 ] 



Number of effective parameters: 2 

Number of different couplings without deformations: 6 

Number of different couplings with deformations: 6 
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corresponding to the following / 23 shifts 



k = l 



23 



9a 1 

(8) 

9 a , 

1 - 9 « {4) 
h — 1 9a i 

JX) 
9a i 

(2) 

9 a , 

(3) 
9 A 



QRBIFOLD Z 12 -I 

Twist 9 = diag(e ia , e 4ia , e~ 5ia ) , a = ff 
Lattice SU(3) <g> F 4 
Coxeter element 

6*ei = e 2 , #e 2 = -e 1 - e 2 , #e 3 = e 4 , 

#e 4 = e 3 + e 4 + 2e 5 , 0e 5 = e 6 , 6»e 6 = -e 3 - e 4 - e 5 - e 6 

Deformation parameters 
Relations 

|ei| = |e 2 |, |e 3 | = |e 4 | = V2|e 5 | = V2\e 6 \, a 12 = -|, a 45 = 

«34 = «56, "35 = "46 = «36, «35 = [1 + 2a 34 ] , Otij — 2=1,2, j = 1,2,3,4 

CKy = C0S(%) 

Degrees of freedom (3) 

R\ = -R 3 = |e 3 |, a 34 



Lattice basis (e^) in terms of orthogonal basis (e,) 



e 1 = Ri cos(0i)ei + -R 4 sin(0!)e 2 

e 2 = R\ cos(0i + a)ei + R\ sin(0i + a)e 2 

e 3 = A cos(0 2 )e 3 + A sin(0 2 )e 4 + B cos(0 3 )e 5 + 5 cos(0 3 )e 6 

e A = A cos(0 2 + /3)e 3 + A sin(0 2 + /3)e 4 + B cos(0 3 + 7/3)e 5 + B cos(0 3 + 7/3)e 6 

e 5 = ^[- sin(0 2 + |/3)e 3 + cos(0 2 + |/3)e 4 ] + ^[sin(0 3 + f/3)e 5 - cos(0 3 + t/ 9 )^] 

e 6 = ^[- sin(0 2 + |/3)e 3 + cos(0 2 + |/3)e 4 ] + ^[sin(0 3 + |/3)e 5 - cos(0 3 + |/3)e 6 ] 
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a = f, /3 = §, A = i? 3 



2 + 



1/2 



, B = R 3 



1 Q34 

2 



1/2 



are free parameters 



Fixed points of (3) 



(o) 
Si 



/i 



(0 



(0,0), # = ±(1,2), <rf 



(2) 



i = 0,1,2 

l(2,i), # 



(0,0,0,0) 



Fixed points of 9 2 (3) 
The same as for 9 



# = (0,0), # = |(1,2), & 



(i) 



(0 



,(2) 



i = 0,1,2 
1(2,1), # 



(0,0,0,0) 



Fixed points of # 3 (4) 

Fixed torus: a(ei) + /3(e 2 ) , a, (3 <E R 



= [a(e 1 )+P(e 2 )}®$> , i = 0,l,2,3, 



# = (0,0,0,0), ^ = 1(1,0,0,0) , # = ±(0,1,0,0), ^ = 1(1,1,0,0) 

Note that in the lattice 9 : — > — > #^ 
Number of conjugation classes: 2 

Fixed points of 9 4 (27) 



(2) _ 1 , 



i(3) - 1 ■ 



fe) =#®#, < = 0,1,2, j = 0,1,...,, 



r7 (0) 



(2) 
#4 



1(2,1), 



# 



(0,0), # = §(1,2), 

# = §(2,1,2,0), # } 

# = |(1,2,1,0), # = |(1,1,0,1), # = |(2,0,1,1), # 



|(2,2,0,2), # = |(1,0,2,2), # 



(0,0,0,0), 

|(0,2,2,1), 

|(0,1,1,2) 



Note that in the F 4 lattice 9 : g\ 



(i) 



-(3) _^ -(5) _^ -(7) , fl . ^(2) ~(4) 
#4 ~* #4 #4 aI1Cl ^ • 9a — >• #4 



*(6) 
#4 



*(8) 
#4 
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Number of conjugation classes: 9 



Fixed points of 9 5 (3) 
The same as for 9 



/f=#<^r, 2 = 0,1,2 



(o) 



# = (0,0), # = §(1,2), 



95 



(2) 



|(2,1), # = (0,0,0,0) 



Fixed points of 9 6 (16) 

Fixed torus: a(e{) + (3{e 2 ) , a, (3 E R 



/ 6 (i) = [a(e 1 )+P(e 2 )]®$ ) , i = 0, 1, 15, a,(3eR 



# = (0,0,0,0), # = |(1,1,1,1) 

# = |(1,0,0,0), # = |(0,0,1,1) 

# = |(0,1,0,0), # = |(0,1,1,1) 



# = 

# = 
# } 



1(0,0,0,1), # = |(0,0,1,0), 



1(0,1,0,1), # = |(1,0,1,0), 



1(1,1,0,1), # } = |(0,1,1,0), 



f } = 1(1, 1,0,0), # } = 1(1, 0,1,1), # } = 1(1, 0,0,1), g 6 



(15) 



1(1,1,1,0) 



Note that in the F4 lattice 9 : % 



(3) 



#6 



-(5) 
^6 



Number of conjugation classes: 4 



i(2) 



<?6 
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.(9) 
^6 



#> and 61 : ^ 4 > - # 



# } 



Coupling gg^g 



2/39 



Selection rule 



/ 1 + (J^)/ 2 -(/ + H« 2 )/ 3 gA 



Denoting 



/1 
h 

h 



# } ®# 
#^# 



[a(ei) + (3(e 2 )\ <g> $ 
the selection rule reads 



(is) 



M2, 33 = 0, 1,2,3 , 
a,(3 e R 



i\ = 12 



Number of allowed couplings: 6 
Expression of the coupling 
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c, 



ee 2 e 9 



k N 



E 



fe(/ 3 -/ 2 +A). 



exp [__ sm (_ sm (_ 



\ V 2\ 



'sin(^) 



+ 



\ v 3\ 



COS 



-)] 



12' 



k N Yl ex Ph^ (A + «) T M(/23 + «)] 



/23 




[0,fi] 



where (/ 3 — / 2 + A)j_ indicates that the coset elements must belong to F 4 , 
Z3 is the number of elements in the f% conjugation class, the arrows denote 
components in the F 4 lattice, and V± is the volume of the F 4 lattice unit cell 



N 



1/2 



An 2 



(a bVA _b 



.V2 
''An 2 



V 



a 


by/3 


b 


b 


\ 


2 


V2 


V2 




a 


a 


bVz 




2 


2 


2 




b 


a 


a 








2 


2 


4 




b 


bV3 


by/3 


a 


/ 


V2 


2 


4 


2 



a = [A 2 cos(f- 2 ) + B 2 sm(f 2 )] 
6=[A 2 cos(^)-5 2 sin(^)] 



Number of effective parameters: 2 
Number of different couplings without deformations: 2 
Number of different couplings with deformations: 2 
corresponding to the following / 23 shifts 

f _ fi(0) ~(i) 
J23 — #3 , #3 

Note that this coupling is the same as 8 2 6 3 8 7 

Coupling ee 4 e 7 

Selection rule 

h + (/ + e + e 2 + e 3 )f 2 -(i + e + d 2 + d 3 + e 4 )h e a 

Denoting 



/1 

/3 = ^>®$f 



h,i2,k = 0, 1,2, 
J 2 = 0,l,...,8 
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the selection rule reads 

h + H + H = , mod. 3 

Number of allowed couplings: 6 
Expression of the coupling 



uif + 2V3( 



CW = JhN £ exp[-J-(^>-' 2 
«e(/s-/»+A) 47r / 

= ^ AT ]T exp[-^ (/ ; 3 + ^) T M(/2 > 3 + u)\ 
uez^ 

— * 

/23 




V 2 



+ 



\V3\ 



cos 2 (f L) ^(iL) 



ft))] 



= yJT 2 Nd 



8tt 
[0,fi] 



Z2 is the number of elements in the ji conjugation class, and the arrows denote 
components in the SU (3) ® F 4 lattice 



N 



3 1 / 4 r 3 (|) 



An 2 



gaga) 

r(£)r(£) 



An 2 



V 



a? 

2 








2 

R\ 










a 

2 

b 

b 
V2 






2 

a 



2 

bVz 
2 






b_ 

V2 

a 

2 

a 
2 

4 






b_ 

V2 
bVz 
2 

bVz 

4 
a 
2 



A[A 2 cos(^) + 5 2 sin(^)] 



b = A[A 2 cos(^) -B 



: sin(|) 



Number of effective parameters: 3 

Number of different couplings without deformations: 4 
Number of different couplings with deformations: 4 

— * 

corresponding to the following / 23 shifts 



2.3 



( 2 = i 

i 2 = 2 



9 r 

91" 
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Coupling e 2 e A e 6 

Selection rule 



fi + (I + 2 )f 2 -(I + 9 2 + 9 4 )f 3 eA 



Denoting 



9i 2) ® # } 



h = H^) + (3{e 2 )} ® gW J 
the selection rule reads 

k = k , 

Number of allowed couplings: 36 

Expression of the coupling (in all the cases except I3 = 6, l 2 — 4) 



k,i 2 = 0,1,2, 
J 2 = 0,l,...,8, 
is = 0,1, ...,15, 
a, (3 e R 



L Sill (f) 1^121 



ivy/2 z 3 7? 



/23 




47T 

[0,Q] 



where /23 — f 2 — /3? /23 is the restriction of ^23 to the F4 lattice; (/23 + A)j_ 
indicates that the coset must belong to F4 and k is the number of elements in 
the fi conjugation class. V± is the volume of the F 4 unit cell 

In the I3 = 6, l 2 — 4 case 



fe(/ 2 -/3+A)±u(e/ 2 -/3+A)± 



L sin (D y2i 



/23 




[0, fi] + 1? 



/23 




4tt sin(f) 

[o,n]} 



r(i)r(|) 



47T 2 
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ft 



^ 3 



1 



«34 

-\[l + 2a 34 ] 
{ -l[l + 2a u ] 



«34 
1 

1 



-i[l + 2«34] 



-\[l + 2a u ] 



_ i 

2 

1 

2 

«34 
2 



Number of effective parameters: 2 

Number of different couplings without deformations: 7 
Number of different couplings with deformations: 7 
corresponding to the following / 2 3 shifts 



23 



k 
k 
k 
k 
k 

k = u 



-l[l + 2a 34 ] \ 

-H 1 + 2 «34] 



l 3 = l (0,0,0,0), 
l/ 3 = 3 (i, 0,0,0), 
1/3 = 6 (0,0,|,0), 
4/3 = 1 (|, |, 1,0), 
4/3 = 3 (|, §, |, 0), 

" (2 1 1 q\ y /2 1 2 1\ 
V3' 3' 6' / V3) 35 35 2/' 

fl I I 0) U (- - - -) 

V6' 3' 6' / V3> 6' 3' 2/ 



6 



Q34 
2 
1 
2 



Coupling fl 4 fl 4 fl 4 
Selection rule 



Denoting 



h + h + h e A 



/l 


= ^€ 


5 # } 


/ 2 






/s 


= ^ 


5 M J3) 



H,k,h = 0, 1,2, 
3i,32,33 = 0,1,... 



The selection rule reads 
^1 + ^2 + ^3 = mod. 3 

= j a (2),ja(3) ^ 

j CT( i) even j a(2) ,j CT(3) odd 
j CT( i) odd j CT(2 ), j ff ( 3 ) even 
3a{i),3c{2),3c{z) odd or even 



ja(2) - jo-(3) = 4 

.7(7(3) - 5 = j CT (2) + 1 = ja(l) 

3a(3) ~ 7 = j CT (2) - 5 = j CT (i) 

ja(3) = 3c{2) = ja(l) 



mod. 8 

a = permutation of {1, 2, 3} 



Number of allowed couplings: 189 
Expression of the coupling 
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C 9W = NF(h,l 2 ,l 3 ) J2 exp[-|-M 2 ] 

«e(/ 3 -/a+A) 87F 

= NF(h,l 2 ,l 3 ) Y,expl-^(f 23 + u) to PM(f 23 + u)} 



NF(h,l 2 ,h) [V 



/23 




[0,fi] 



where F = 1 except for the case fi = f 2 = f 3 and h = l 2 = l 3 = 4 in which F = \ 



■ V3 „ Ar /7T-3 1/4 



= iJ_ M iV = ^Va — 

87T v 4"7T^ 



/ 


i2? 


R\ 
2 


















«? 

2 


























R\ 


-^3^34 


p2 l+2a 34 


p2 l+2a 34 
-""3 4 












R 3 ®34 




"^3 2 


p2 l+2a 34 
-"-3 4 












p2 l+2a 34 


p2 1 
~ K 3 2 




p2 a 34 
U , i 2 




V 








p2 l+2a 34 
-"■3 4 


p2 l+2a 34 
-"■3 4 




p2 1 
K 3 2 


J 



Number of effective parameters: 3 

Number of different couplings without deformations: 6 

Number of different couplings with deformations: 6 

— * 

corresponding to the following f 23 shifts 

/ (0,0, |, |, |,0), 

] (I 2 2 1 2 q\ 

l_ ^3' 3' 3' 3' S' ''' 

' (0,0,0,0,0,0), 
(if, 0,0, 0,0), 
(0 o 2 i 2 0) 

f I 2 2 1 2 QN 
^ V3'3'3'3'3'/ 




QRBIFQLD Z 12 -II 

Twist 9 = diag(e ia , e 5ia , e~ 6ia ) , a = ff 
Lattice 50(4) ®F 4 
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Coxeter element 



Oei = — ei, 9e 2 = -e 2 , #e 3 = e 4 , 

0e 4 = e 3 + e 4 + 2e 5 , 0e 5 = e 6 , 6»e 6 = -e 3 - e 4 - e 5 - e 6 

Deformation parameters 
Relations 

|e 3 | = |e 4 | = "s/2|e 5 | = "s/2|e 6 |, "45 = -73, 



a 3 4 — 0:56, 



"35 = «46 = "36, "35 = -^[1 + 2a 34 ] = i = 1, 2, j = 3, 4, 5, 6 

CKy = COs(%) 

Degrees of freedom (5) 

i?l = |ei|, i? 2 = | e 2 | , R3 — I e 3|; a 12, Ct 34 

Lattice basis (e,) in terms of orthogonal basis (efj) 
Not necessary in this case. 

Fixed points of 9 (4) 

f?=9?®9 { ?, < = 0,1,2,3 

# = (0,0), # = §(0,1), # = §(1,1), 

# = |(1,0), # = (0,0,0,0) 

Fixed points of 2 (1) 

Fixed torus: ct(ei) + /3(e 2 ) , a, (3 <E R 

/ t (2) = [a(e 1 )+/3(e 2 )]®#, a,/?ei2 
# = (0,0,0,0) 

Fixed points of fl 3 (16) 

/ 3 fe) =#®#, i,j = 0,1,2,3 



# = (0, 0) , # = |(0, 1) , # = 1) , # = 0) , 

# = (0,0,0,0), # = |(1,0,0,0), 

Note that, inF 4 ,#:#^#^M 2 



2 i", v > y3 — 2 v- L ' v > y3 — 2 ^ 

# = (0,0,0,0), # = |(i,o,o,o), # = |(i,i,o,o), # = |(0,1,0,0) 

_ A (3) _ A (2) 
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Number of conjugation classes: 8 



Fixed points of 9 4 (9) 

Fixed torus: a(ei) + /3(e 2 ) , a, (3 <E R 

f[ l) = [a(e 1 )+[3(e 2 )}®g ( i ) , % = 0,1,. ..,8 

# = (0,0,0,0), # = |(2,1,2,0), # = §(2,2,0,2), # = §(1,0,2,2), 

# = |(0,2,2,1), # = |(1,2,1,0), # = |(1,1,0,1), # = |(2,0,1,1), 

# = |(0,1,1,2) 

Note that, in F 4 , 9 : # - # - # - # and 9 : # - # - # - # 
Number of conjugation classes: 3 



Fixed points of 9 5 (4) 
The same as for 9. 



/ 5 W =#®#, 1 = 0,1,2,3 

# = (0,0), # = 1(0,1), # = |(1,1), 

# = |(1,0), # = (0,0,0,0) 



Fixed points of 9 6 (16) 

Fixed torus: ct(ei) + P(e 2 ) , a, (3 G R 

/ 6 (l) = [a( ei )+/3(e 2 )]®#, % = 0,1, ..,15, a,(3eR 

# = (0, 0, 0, 0) , # = |(1, 1, 1, 1) , # = 1(0, 0, 0, 1) , # = 1(0, 0, 1, 0) , 

# = |(1, 0, 0, 0) , # = 1(0, 0, 1, 1) , # = 1(0, 1, 0, 1) , # = 1(1, 0, 1, 0) , 

# = |(0,1,0,0), # = |(0,1,1,1), # } = 1(1, 1,0,1), # } = 1(0,1,1,0), 
# } = 1(1, 1,0,0), # } = 1(1, 0,1,1), # } = 1(1, 0,0,1), # } = 1(1,1,1,0) 

A(3) , a( 2 ) , , A( n ) _ AW _ a(9) - ^fO _^ 



Note that in F 4 9 : ^ - - 0^ - ST - ST - #T , * = & 
fi'e 9e — >■ fi'e ^ fi'e — > fi'e ancl y • #6 ^ fi'e — > #6 

Number of conjugation classes: 4 



Coupling flflfl 10 

Selection rule 

/i + / 2 -(/ + 0)/ 3 eA 
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Denoting 



fi 
h 
h 



9t ] 



9i 



(o) 



-(0) 



9i 

[a(ei) + (3(e 2 ) 



The selection rule reads 

Number of allowed couplings: 4 
Expression of the coupling 



*(o) 

92 



h,i 2 = 0, 1,2,3 ,a,(3 e R 



i\ = ^2 , 



C, 



eee 10 



N 



7T , 



E ex p[-^ sin (« 



«e(/ 3 -/ 2 +A)j 



= TV £ exp[--^sin(^ (f 23 + u) T M(f 23 + u)] 



N $ 



^23 




[0,fi] 



where f 23 is the restriction of f 23 to the F 4 lattice, (/ 3 — f 2 + A)± indicates 
that the coset elements must belong to F 4 and V± is the volume of the F 4 unit 
cell. In all cases f 23 = 0. Finally 



fi = ^sin(^)M, N 



1 

2^ 



r(£)r(£) 



Q = ^sin(|)^ 



V 



«34 

■|[l + 2a 3 4] 
■J[l + 2a34] 



«34 
1 

1 



i[l + 2a 3 4] 



-±[l + 2a 34 ] 



_ i 

2 

1 

2 

0:34 
2 



Number of effective parameters: 2 
Number of different couplings without deformations: 1 
Number of different couplings with deformations: 1 
Note that this coupling is the same as 9 2 9 5 9 5 



-\[l + 2a u ] \ 
-\[l + 2a u ] 



Q34 
2 
1 
2 



/ 



Coupling 99 3 9 8 
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Selection rule 



h + (i + e + e 2 )f 2 -(i + e + e 2 + e s )f 3 e a 



Denoting 



h = # } ®# } 

/s = He,) + /3(e 2 )] ® # } 



the selection rule reads 

Number of allowed couplings: 6 
Expression of the coupling 



h,i2,]2 = 0, 1,2,3 , 
J 3 = 0,l,...,8, 
a,f3 e R 



n = h 



n at fi~T r 1 8111(3) sin(^) 

= AT E exp[-^^^® (A + ^) T M(/; + rZ)] 

«G^4 47F S1I1 ll2^ 



iV t/Z 2 Z 3 7? 



^23 




[0,fi] 



with the same notation as in the previous coupling, /j is the number of elements 
of the fi conjugation class and V± is the volume of the F 4 unit cell. Finally 



Jsin( f )sin(f) 

/i_9 *__ / 7T \ 



4tt 2 sin(fL) 



'Vl — 



1 r(f: 



2vr r(±) 



r(£)r(£) 



1/2 



O _ • 1 sin(f)sin(|) p2 
" ~~ Mvr 2 sin(fL) ^3 



«34 



2a 34 ] 



«34 

1 

1 



V -±[l + 2a 34 ] -|[l + 2a 



3-1 



-±[l + 2a 34 ] 

_ 1 

2 

1 

2 

2 



Number of effective parameters: 2 

Number of different couplings without deformations: 4 
Number of different couplings with deformations: 4 
corresponding to the following / 23 shifts 



i[l + 2a 34 ] \ 
l[l + 2a 34 ] 

2 
1 

2 
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/23 — 



h 


= 1/3 


= 1 


(0,0,0,0) 


h 


= 3/3 


= 1 


(1,0,0,0) 


h 


= 1/3 


= 4 


(- - -) 


h 


= 3/3 


= 4 


fl 1 ^) 

V6' 6' ' 3' 



Coupling 



Selection rule 



Denoting 



h 
h 
h 



fi + f2-(I + 3 )f 3 EA 



[a(ei) + (3(e 2 )\ <8> & 
the selection rule reads 

«i = k 

Jl + (_1)03 + D j2=j3 



H,i2,ji,j2 = 0, 1,2,3 , 

./:; 0.1 I-",. 

a,(3 e R 



mod. 4 



Number of allowed couplings: 56 
Expression of the coupling 

In all the cases, except for the case li — l 2 — Z3 — 3 



C^W = NF(h,l 2 ,l 3 ) exp[-— M 2 ] 

t>e(/3-/ 2 +A)x 47r 

= N F(k, l 2 , Z 3 ) ]T exp[--^ (f 23 + u) T M(f 23 + u)} 



N F(h,l 2 ,l 3 )$ 



/23 




[0,fi] 



with the same notation as in the previous coupling. is the number of elements 
of the fi conjugation class. F(l ± , l 2 , l 3 ) is given by 



li — l 2 — l 3 — 1 and li — l 2 — 3 l 3 — 1 : 
Zi = 1(3) Z 2 = 3(1) Z 3 = 6 : 



F = 1 Zi = Z 2 = 1 Z 3 = 3 : F = v / 3 
F = v / 2 Zi = Z 2 = 3/3 = 6 : F — 2^ 



In the case h = l 2 = l 3 = 3 
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Cg3Q3Q6 — 



>/3 



E 



f6U2 (0P/ 3 -/2+A). 



/23 




[0, ft] + 7? 



/23 




[0, ft] + 







[0,ft]} 



& = Oh - U and /» = £ 2 / 2 - /a 

1 



ft 



4tt 2 



M iV = 



r( 



r(i: 



is the volume of the F A unit cell 
/ 1 



ft 



'4tT 2 



«34 
1 



«34 

-i[l + 2«34] ~\ 

\ -I[l + 2a 3 4] -i[l + 2«34] 



-J[l + 2«34] 

_ 1 

2 

1 

2 

2 



2a 34 l \ 



"ill 

-i[l+2« 3 4 



Q34 
2 
1 
2 



Number of effective parameters: 2 
Number of different couplings without deformations: 6 
Number of different couplings with deformations: 6 
corresponding to the following / 2 3 shifts 
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h = l 2 = h = l 

h = k = 3 h = 1 
h = k = 1 ^3 = 3 
h — k — h = 3 
Zi = 1(3) Z 2 = 3(1) Z 3 
/i = / 2 = 3 / 3 = 6 



(0,0,0,0), 
(5,0,0,0), 
(|,0,0,0), 

(0,0,0,0)U(|,0,0,0)U(0,|,0,0), 
6 (0,|,|,0), 

(i, o,|,o) 
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TABLE 1 



Orb. 


1 wist 6 


Lathee 


#DP 


Coupling 




j^hDP 


ifDCR 






(l,l,-2)/3 


5(7(3) ,:1 


9 


666 


729 


9 


4 


14 




(l>l>-2)/4 


or t ( a \ 9 

5£7(4)" : 


7 


f\ f\ /i9 

666 z 


160 


4 


6 


10 






dO^) 13 


7 


666 


160 


4 


6 


8 


Z 6 -I 


(l,l,-2)/6 


G2 x 5C/(3) 


5 


66 2 6 3 


90 


4 


10 


30 










ziO /iO /iO 

6 2 6 2 6 2 


369 


5 


8 


12 


Z e - II 


(l,2,-3)/6 


SU(6) x SU(2) 


5 


66 2 d 3 


48 


1 


4 


4 










666^ 


72 


3 


4 


4 


z 7 


(l,2,-3)/7 


SU(7) 


3 


66 2 6 4 


49 


3 


2 


4 


Z 8 - I 


(l,2,-3)/8 


SO (5) x 50(9) 


3 


/i9 /i9 

6 2 6 z 6 4: 


84 


2 


8 


9 










66 2 6 5 


40 


3 


8 


9 


Z 8 -II 


(l,3,-4)/8 


50(4) x 50(8) 


5 


666 G 


24 


2 


3 


3 










66 3 6 4 


48 


2 


6 


6 


^12-1 


(l,4,-5)/12 


SU(3) x F 4 


3 


66 2 6 9 


6 


2 


2 


2 










66 4 6 7 


6 


3 


4 


4 










6 2 6 4 6 6 


36 


2 


7 


7 










6 4 6 4 6 4 


189 


3 


6 


6 


Z 12 - II 


(l,5,-6)/12 


50(4) x F 4 


5 


666 10 


4 


2 


1 


1 










66 3 6 s 


6 


2 


4 


4 










6 3 6 3 6 6 


56 


2 


6 


6 



Table 1: Characteristics of twisted Yukawa couplings for Z n Coxeter orbifolds (the non- 
Coxeter Z± one with 50 (4) 3 lattice is given for comparison). The twist 6 is specified by the 
three q parameters (one for each complex plane rotation) appearing in 6 = exp(YJ CjJj). 
#-DP = # of deformation parameters, #AO = # of allowed couplings, j^EDP = # of 
effective deformation parameters, j^DCR = # of different Yukawa couplings for the non- 
deformed (rigid) orbifold, j^DCD = # of different Yukawa couplings when deformations 
are considered. 
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